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Probability : Sheet 3 (solution)

Problem 1

There are two ways to see the problem. I'll present both. I denote R the event "the result is red” and
G the event "the result is green”.

1. For RGRRR we can see it as 5 independent Bernoulli experiment with parameter % (if we consider
that the success is R). So, if R; is "having a red at the i'" thrown" and G; = R¢, then

24.5

P(RGRRR) = P(R\NGaNRsNRiN R5) = P(Ry)-B(Ga) P(Rs) P(Ra) B(R5) = =5~ ~8,3:107",

For RGRRRG and GRRRRR it correspond to 6 independent Bernoulli experiment with parameter

% (if the success is still R). By a similar calculation, we get respectively for RGRRRG and

GRRRRR ot . g2 495
. N _3 .
676 ~ 57 4-10 and 66

~2,7-1073.
2. The second way is to consider the sample space
Q - {(ilv' .. 71'5) | 7:17' . ';i5 S {R1;R27G1>G2;G37G4}}

with

for RGRRR and R
Q{(il, - ,ig) ‘ 11,...,16 € {Rl, Rg, Gl, GQ, G'g7 G4}},

with 1
P{(i1,...,i6)} = = = —

for RGRRRG and GRRRRR.
To get RGRRR, is associated to the event

E ={(i1,...,i5) | i2 € {G1,...,G4a},11,i3,14,i5 € {R1, Ra}},

and thus

_ Bl 42
el e
For RGRRRG and GRRRRR, the events are respectively

P(E)

F ={(i1,...,46) | i1,13,%4,15 € {R1, R}, 12,16 € {G1,G2}},

and
G = {(il, Ce ,’iﬁ) ‘ i1 € {Gl, .. .7G4},’i2,i3,i4,i5,i6 € {Rl,RQ}}.
Therefore,
F| 2% 42 G| 4925
P F = = = — a,nd ]P) G = = = —F.
(F) al o (G) - e



Problem 2

1. We have to write

X+Y = Z:Ekl{xzxk} + Zykl{Y=yk}’
k=1 k=1

E Crelay .-
k.

as a sum of the form

Notice that -
Lo =1yx, (X=u} = Z; Lix=a,}
1=
and .
Lo =1yz, (v=y} = Z; Liy=y}s
1=
where in both cases, the last inequality come from exercise 5 of this sheet exercise.
We have that

Zxkl{x=xk} = Zwkl{xzxk}lsz = Zxkl{x=xk}1ug;1{yzy,-}

k=1 k=1 k=1
o0 o0 o0 o0
= szl{X:wk}l{Y:yi} (f) Z Zxkl{X:wk,Y:yi}a
k=111=1 k=11:=1

where (%) come from the exercise 5 of this sheet. In the same way, we get
o0 o0 o0
Z Yiliy=y;} = Z Z Yil{x =z, v=y;}-
j=1 j=1k=1

One can easily prove that

oo o0

Z Z Yilix=a) Y=y} = Z Z Yilix=ay,v=y;}

j=1k=1 k=1 j=1
and thus

X+Y = ZZ(CE}C + yj)l{X:rk,Y:yj}'
k=1 j=1

2. The result is immediate using exercise 5 of this sheet, and we get

XY =33 anyil{x=u,,v—y,}-
k=1j=1

3. Let w e Q. Then w € {X = x;} for some k. In particular

9(X)(w) = g(X(w)) = g(xx).
Therefore,

9(X) () =D g(@r) L {x=a,}-
k=1



Problem 5
We have to prove that for all w € Q,
lanp(w) = 1a(w)1lp(w)

and if A and B are disjoints,
Laup(w) =1a(w) + 1p(w)

1 () 1 weAnB
w) = .
Anp 0 we(ANB)°

1. We have by definition

Moreover
1p(w)lpw)=1 <= 1y(w)=1land 1g(w)=1 <= weAdandw e B < we ANB,

and
1p(w)lp(w)=0 <= 1g(w)=0o0r lp(w)=0 <= wé¢ Aorw¢ B

< ze€A°orx € B < we (A°UB°) =(ANB)-.

Therefore,
1 weANB

—1 .
0 wenpy  AnE®)

14(w)lp(w) = {

2. The proof essentially goes the same. Here, the fact that A and B are disjoints gives
1p(w)+1pw)=1 <= (weAdandwé¢ B)or (we Bandw ¢ A) <= w € (ANB°)U(BNA°).
Since A and B are disjoint, AN B¢ = A and BN A¢ = B. Therefore,

la(w)+1pw)=1 <= we AUB.

The rest of the proof is left to the reader.

Problem 6
Let

X = Zl’klAk.
k=1

Suppose with out loss of generality that x1, ...,z are all distincts (k < n) and k maximal in the sense
that if £ > k, then @, = x; for some j € {1,...,k}. Forall ¢ € {1,...,k}, set

Jiz{jE{l,...,n}|1‘j:$i}.

Notice that if £ € J; then J; = J;. Denote A;, = Uje.]i A;. Remark that if z; # x;, then J; and J; are
disjoints. Indeed, let i # j with x; # z;. If x € J; N J;, then x = x; = z; which contradict z; # z;.
Therefore J; NJ; = @. Finally, by assumption on k& and maximality of £,

k
U Ji = {17 7”}7
i=1
and the union is disjoints. Set
AJ - U Aj (1)
j€J;

Then, for all ¢,



By Problem 5, if A and B are disjoints, then 14,5 = 14 + 13, and thus, we can write X as

k k
X = inlAh (T) inl{szi}'
i=1 i=1

By definition of the expectation,

k

Z > P > wP(4))
i=1j€J; JEJ1U...UJk
2 P

where (a) is because the A;’s are disjoints, and (b) because if j € J; then x; = x;. The claim is proved.

Example

Here an example on how the proof works. Let consider consider 2 = {1,...,6} and the function
X(w)=2-1p3(w) +3- 1o (w) +2- Lz (w) + 2+ Ligy(w) + 3 - 15 (w) + 5+ Liep (w).

I can also write it as
X(w) =2 13(w) +3-1y(w) +5- 1ggp(w) +2- gy (w) +2- gy (w) +3 - 153 (w).

Now, let write 1 = 2, 2 = 3, 3 = 5, 4 = 2, x5 = 2 and g = 3 and 4; = {1}, Ay = {2}, A3 = {6},
Ay ={3}, A5 = {4} and Ag = {5}. So the A;’s are disjoints, and

6
= Z zila, (UJ)
=1

The k in the beginning of the proof correspond here to 3. So the list z1, ...,z of distinct elements in
the proof is x1, 22, x3 here and correspond to 2,3,5. As you can see, adding any z; for i > 3 in x1, z2, T3
will add an element that is already in 1, x2, x3. For example, if I want to add x5 = 2, then 2 will appear
twice (since x1 = 2). So, the list x1, z2, 23 is maximal in the sense that adding any element of x4, x5, g
will add an element that already exist in x1, 2, 3. Now,

={ie{l,....6} |zi=a}={ie{l,....6} |z; =2} ={1,3,4},
since r1 = r4 = 5 = 2. Same,
Jo={ie{l,...,6} |z, =22} ={ie{l,...,6} |z =3} ={2,5},
since r5 = x5 = 3. Finally,
Js={ie{l,....,6} |z =a3} ={i€{2,...,6} | z; =5} = {3}.
As you can remark, the J;’s are disjoints and

J1UJ2UJ3:{1,...,6}. (2)



Now we set,
AJ1:A1UA3UA4, 14L]2=142U1457 and AJ3:A3.

We can then write X as the sum
X(w) =2 1py(w) + 1y (w) + 1y (w)) +3- (Lgy(w) + Lsy(w)) +5- 16y (w)

=2-1p343(w) +3- 15 (w) +5- 16 (w)
=214, +3-1a, +5-1a,,

and since

Ale{XZQ}, AJ2:{X:3} and AJSZ{X:5}, (3)
we finally get
X(w) =0 -Tix—3(w) +2- 1ix—oy(w) +3 - Iix=s}(w) + 0 - Lix—g3(w) +5 - Lix—s}(w) + 0 1ix—6(w).
By definition of the expectation, we have

EX]=0-P{X=1}+2-P{X =2} +3-P{X=3}+0-P{X =4} +5-P{X =5} +0-P{X =6}
=2-P{X=2}+3-P{X=3}+5-P{X =5}
(?)Q'P(AJI)+3']P(AJ2)+5'P(AJ3).
Now, since the A;’s are disjoints, we have that
]P)(AJI) = P(Al) + ]P)(Ag) + P(A4) and P(Ajz) = ]P)(AQ) + P(A5),
E[X] =2 (P(A1) + P(A3) + P(A4)) + 3 - (P(A2) + P(A5)) + 5 - P(Ag)
= (2-P(A1) +2-P(As) +2-P(A5)) + (3-P(A2) +3 - P(A5)) +5- P(Ag)

But remember that if j € J;, then x; = x;. For example, for j € J;, we have

JjeJ1 j€{1,3,4}

But since x1 = 23 = x4 = 2, the right hand side of (4) is nothing more than

21P(A)) + 23P(A3) + 2uP(Ag) = Y 2 P(A) = > z;P(4)).
j€{1,3,4} jEJ1
So finally,
3 3
SO T mP(A) =D wP(A) = > aP(A) + Y xP(A;) + > aP(4)) (5)
=1 jeJ; i=1j€J; VISDA JjEJ2 JEJ3

and since the J;’s are disjoints, the right hand side of (5) is

Z z;P(A;).

jeJ1IUJ2UJ3



But as (2), J; UJo U J3 ={1,...,6} and thus

6
> zP(4)) = Z%P(AJ‘)-

jeJ1UJ2UJ3

Finally, we conclude that E[X] is
6

E[X] = z:P(4)),

=1

as wished.

Problem 7

The prove goes by induction. For n = 1, the result is obviously correct. I recall that a function g : R — R
is convex if for all z,y € R, and all A € [0, 1],

g(Az + (1= Ny) < Ag(x) + (1 — N)g(y).

Suppose that

g <Z aixz’) < Zaig(xi)a
i=1 i=1

for Zai =1. Let A\j,..., Ant1 >0 s.t. Z?:ll A; = 1. Remark that

i=1

n+1

Z )\il‘i = (1 - /\n+1)
i=1

)\1561 + ...+ )\nxn

+>\7L+1zn+1 = (1 - >\n+1)y + An—i—lxn-l—l-

1- )\n+1
=y
Then
n+1
g (Z Aﬁﬂz) =g((1 = Ag1)y + Ang1ny1) (S) (1= At1)9(y) + Anr19(Tnt1), (6)
i=1 *
where (%) come from the definition of the convexity. If we set a; = kﬁiiﬂ, then
Y =a1r1 + ... +anTy
and

z”: M+ + A 1=
a; = = =1.
i—1 1- An-‘,—l 1- )\n+1

Therefore, by recurrence hypothesis,

9(y) < ZQ(%‘)%
and thus . .
(1= Ang1)g() < (1= Ans1) Y aig(ai) = > Nig(wi). (7)
i=1 =1

Combine (6) and (7) gives

n+1 n+1
g (Z Aﬂi) <> higlwi).
i=1 i=1



