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Chapter 1
Laplace equation

1.1 Harmonic functions
The Laplace operator is defined as

∆ =

n∑
j=1

∂2
j .

Let U ⊂ Rn open and u ∈ C2(U).

1. u is subharmonic if ∆u ≥ 0 in U ,

2. u is superharmonic if ∆u ≤ 0 in U ,

3. u is harmonic if ∆u = 0.

Définition 1.1.

Examples
1. Affine and linear functions,

2. u : R2 → R defined by u(x, y) = x2 − y2,

3. v : R2 \ {0} → R defined by v(x, y) = log(x2 + y2).

Let U ⊂ Rn open, Br(x) ⊂ U and u ∈ C2(U).

1. If u is harmonic in U , then

u(x) =

 

∂Br(x)

udσ =

 

Br(x)

u,

where
ffl
A

u = 1
|A|

´
A

u, for a measurable set A.

2. If u is subharmonic (resp. superharmonic) in U , then

u(x) ≤
(≥)

 

∂Br(x)

udσ and u(x) ≤
(≥)

 

Br(x)

u.

Théorème 1.2 (Mean value property (MVP)).
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We set ωn := |B1(0)| and recall that

|Br(x)| = rnωn and |∂Br(x)| = nrn−1ωn.

Proof. It suffice to prove 2. when u is subharmonic. Let 0 < ρ ≤ r. By Divergence,
ˆ

∂Bρ(x)

∇u · η dσ =

ˆ

Bρ

div(∇u) ≥ 0.

Define
f(ρ) =

 

∂Bρ(x)

udσ.

0 ≤
ˆ

∂Bρ(x)

udσ

= ρn−1

ˆ

∂B1(0)

∇u(x+ ρt) · tdσ(t)

= ρn−1 ∂

∂ρ

ˆ

∂B1(0)

u(x+ ρt) dσ(t)

= ρn−1nωn
∂

∂ρ

 

∂Bρ(0)

u

= ρn−1nωnf
′(ρ),

and thus f is increasing. Since
lim
ρ→0+

f(ρ) = u(x),

we get u(x) ≤ f(ρ) for all 0 < ρ ≤ r, and thus, the first inequality follow. For the second one,

rnωnu(x) =

ˆ r

0

nωnρ
n−1u(x) dρ ≤

ˆ r

0

ˆ

∂Bρ(x)

udσ =

ˆ

Br(x)

u,

and thus the second inequality follow.

Let U ⊂ Rn a domain (i.e. open and connected).

1. If u ∈ C2(U) is harmonic and there is x ∈ U s.t.

u(x) = sup
U
u or u(x) = inf

U
u,

then u is constant.

2. If u ∈ C2(U) is sub harmonic (resp. superharmonic) and there is x s.t. u(x) = sup
U
u (resp.

u(x) = inf
U
u), then u is constant.

Théorème 1.3.

Proof. It suffice to prove 2. when u is subharmonic. Let s := sup
U
u and set

Us := {x ∈ U | u(x) = s}.
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Since u is continuous, the set Us is closed. It’s also open since if x ∈ Us and Br(x) ⊂ U , by MVP applied
to u− s,

0 = u(z)− s ≤
ˆ

Br(x)

(u− s)︸ ︷︷ ︸
≤0

≤ 0.

Therefore ˆ

Br(x)

(u− s) = 0,

and thus u(y) = s for all y ∈ Br(x). Then Br(x) ⊂ U and the claim follow.

Remark 1. 1. The proof only use MVP.

2. If U is open and bounded, the minimum and the maximum of harmonic function (resp. maximum
of subharmonic/ minimum of superharmonic) are taken on the boundary.

Let U ⊂ Rn is open, bounded and u, v ∈ C2(U) ∩ C(U).

1. If ∆u = ∆v in U and u = v on ∂U , then u = v.

2. If u is subharmonic (resp. superharmonic), v harmonic and u = v on ∂U , then u ≤ v (resp.
u ≥ v) in U .

Corolaire 1.4.

Proof. Apply the previous remark to w := u− v.

Let U ⊂ Rn be a domain and V relatively compacta sub-domain (i.e. V ⊂ U and V connected).
Then, there is a constant C > 0 s.t. for all harmonic function u ∈ C2(U),

sup
V
u ≤ C inf

V
u.

ai.e. V is compact in U

Théorème 1.5 (Harnack’s inequality).

Proof.

Step 1 : Let 0 < δ ≤ 1
4dist(V , ∂U) and x, y ∈ V s.t. |x− y| ≤ δ. Then

Bδ(y) ⊂ B2δ(x) ⊂ U.

By the MVP,

u(x) =

 

B2δ(x)

u ≥
u≥0

|Bδ(x)|
|B2δ(x)|

ˆ

Bδ(x)

u = 2−nu(y).

By symmetry, we get
2−nu(y) ≤ u(x) ≤ 2nu(y),

for all |x− y| ≤ δ.

Step 2 : By compactness of V , there is a finite covering of ball B1, . . . , BN of radius δ2 and centers p1, . . . , pN .
If x, y ∈ V , there are Bj1 , . . . , Bjm of those ball, m ≤ N s.t. x ∈ Bj1 , Bjk ∩Bjk+1

6= ∅ and y ∈ Bjm .
By step 1,

u(x) ≤ 2nu(pj1) ≤ . . . ≤ 2n(N+1)u(y).

The claim follow with C = 2n(N+1).Peut-être plutôt 2n(m+1) ?
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1.2 Newtonian potential

The Newtonain potential Γ : Rn \ {0} −→ R is defined as

Γ(x) =

{
1

2π log |x| n = 2

− 1
n(n−2)ωn

|x|2−n n ≥ 3.

Définition 1.6.

Remark 2.

∂iΓ(x) =
1

nωn

xi
|x|n

and
1

nωn
· δij |x|

2 − nxixj
|x|n+1

.

Then

∆Γ(x) =
1

nωn|x|n+2

n∑
j=1

(|x|2 − nx2
j ) = 0.

Also
|∂iΓ(x)| ≤ 1

nωn
· 1

|x|n−1
and |∂j∂iΓ(x)| ≤ 1

ωn
· 1

|x|n
.

Let f ∈ C1
c (Rn) and

u(x) = (Γ ∗ f)(x) :=

ˆ
Rn

Γ(x− y)f(y) dy =

ˆ
Rn

Γ(y)f(x− y) dy.

Théorème 1.7.

Proof. The functions
x 7→ Γ(x− y) and y 7→ Γ(x− y),

are harmonics on Rn \ {x} and Rn \ {y} respectively and integrable on compacts sets.

∂iu(x) =

ˆ
Rn

Γ(y)∂if(x− y) dy

=

ˆ
Rn

Γ(x− y)∂if(y) dy

=

ˆ
Bε(x)

Γ(x− y)∂if(y) dy︸ ︷︷ ︸
=:A

+

ˆ
Bε(x)c

Γ(x− y)∂if(y) dy︸ ︷︷ ︸
=:B

.

By divergence theorem1

B = −
ˆ
∂Bε(x)

Γ(x− y)f(y)ηi(y) dσ(y) +

ˆ
Bε(x)c

∂iΓ(x− y)f(y) dy,

where η(y) = y−x
|y−x| the exterior normal unit vector. We have

|A| ≤ ‖∂if‖L∞(Rn)

ˆ
Bε(0)

≤

{
ωn

´ ε
0
rn−1rn−2 1

nωn(n−2) dr n ≥ 3

ω2

´ ε
0
r log(r)

2π dr n = 2

≤ C‖∂if‖L∞(Rn)ε −→
ε→0+

0.

1Recall that div(fF ) = fdiv(F ) + F · ∇f , and use divergence theorem with F (y) = (0, . . . , 0, ∂if(y), 0, . . . , 0) where
∂if(y) is at the ith position and f(y) = Γ(x− y).
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|B| ≤ C‖f‖L∞(Rn)

{
εn−1ε2−n n ≥ 3

ε| log(ε)| n = 2
−→
ε→0+

0.

Therefore
∂iu(x) =

ˆ
Rn
∂iΓ(x− y)f(y) dy.

As above
∂j∂iu(x) =

ˆ
Bε(x)

∂iΓ(x− y)∂jf(y) dy +

ˆ
Bε(x)c

∂j∂iΓ(x− y)f(y) dy.

Therefore,

∆u(x) = −
n∑
j=1

ˆ
∂Bε(x)

∂jΓ(x− y)
yj − xj
|y − x|

f(y) dσ(y) +

ˆ
Bε(x)c

∆Γ(x− y)︸ ︷︷ ︸
=0

f(y) dy

=

ˆ
∂Bε(x)

∇Γ(x− y) · x− y
|x− y|︸ ︷︷ ︸

= 1
nωn
|x−y|−1

f(y) dy

=

 
∂Bε(x)

f(y) dy −→
ε→0+

f(x).

Remark 3. The condition f ∈ C1
c (Rn) is not optimal, however f ∈ Cc(Rn) is not enough.

Let U ⊂ Rn be a open and bounded s.t. ∂U ∈ C1, u ∈ C2(U) (i.e. ∂iu and ∂iju are extendable on
∂U by continuity). For x ∈ U ,

u(x) =

ˆ
∂U

(
u(y)

∂Γ

∂η
(y − x)− Γ(y − x)

∂u

∂η

)
dσ(y)−

ˆ
U

Γ(y − x)∆u(y) dy,

where η is the exterior unit normal vector field w.r.t. U and ∂
∂η := η · ∇.

Proposition 1.8 (Green Formula).

Proof. Let x ∈ U , ε > 0, Bε(x) ⊂ U and Uε := U \ Bε(x). Using divergence formula, one gets 2

ˆ
Uε

Γ(y − x)∆u(y) dy︸ ︷︷ ︸
−→
ε→0+

´
U

Γ(y−x)∆u(y) dy

=

ˆ
∂Uε

(
Γ(y − x)

∂u

∂η
(y)− ∂Γ

∂η
(y − x)u(y)

)
dσ(y).

By theorem 1.7, ˆ
∂Bε(x)

Γ(y − x)
∂u

∂η
(y) dσ(y) −→

ε→0+
0.

For y ∈ ∂Bε(x), η(y) = − y−x
|y−x| , hence

−
ˆ
∂Bε(x)

∂Γ

∂η
(y − x)u(y) dσ(y) −→

ε→0+
u(x).

Why don’t we only consider ∂Bε(x) and not ∂U in ∂Uε ?
2We use div(u∇v − v∇u) for well chosen functions.
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Let U ⊂ Rn be open and bounded. For x ∈ U , let hx ∈ C2(U)∩ C1(U) be the solution (if it exist) of{
∆hx = 0 in U
hx = −Γ(· − x) on ∂U.

The Green function of U is defined by

G :U × U \ {(u, u) | u ∈ U} −→ R
(x, y) 7−→ −Γ(y − x)− hx(y).

Définition 1.9.

Remark 4. Existence is unclear but unicity comes from maximum principle.

Let U ⊂ Rn open and bounded, ∂U ∈ C1 and G the Green function of U . If u ∈ C2(U) is a solution
to {

−∆u = f in U
u = g on ∂U,

then for x ∈ U ,
u(x) =

ˆ
U

G(x, y)f(y) dy −
ˆ
∂U

∂G

∂η
(x, y)︸ ︷︷ ︸

=η(y)·∇yG(x,y)

g(y) dσ(y).

Corolaire 1.10 (Green representation formula).

Proof. Apply Green formula to hx.

Remark 5.

1. K = −∂G∂η is called Poisson kernel for U .

2. One can prove that G ≥ 0 and G(x, y) = G(y, x).

Let n ≥ 2. Then, the Green function of U = B1(0) is given by

G(x, y) =

{
Γ(|x|)

(
y − x

|x|2

)
− Γ(y − x) x 6= 0

Γ(1)− Γ(y) x = 0,

for all (x, y) ∈ U × U \ {(u, u) | u ∈ U}, and Poisson kernel is given by

−∂G
∂η

(x, y) =
1− |x|2

nωn|x− y|n
.

Proposition 1.11.

Proof.

Step 1 : We have that

hx(y) =

{
−Γ
(
|x|(y − x̄

)
x 6= 0

−Γ(1) x = 0,
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where x̄ = x
|x|2 . Indeed, we have that Γ is harmonic in Rn \ {0}. Moreover if x ∈ B1(0), then

x̄ /∈ B1(0). For y ∈ ∂B1(0), we have that

hx(y) = −Γ(y − x),

since for x 6= 0, ∣∣|x|(y − x̄)2
∣∣ = |x|2

(
|y|2 − 2xy

|x|2
+

1

|x|2

)
= |x− y|2.

Step 2 : For the Poisson kernel, we have that

∇Γ(y − x) =
1

nωn

y − x
|y − x|

.

Also,

∇yhx(y) = −∇yΓ
(
|x|(y − x̄)

)
|x| = 1

nωn
|x|2 y − x
|y − x|

.

Since η(y) = y,

−∂G
∂η

(x, y) = −∂Γ

∂η
(y − x)− ∂hx

∂η
(y)

= − 1

nωn

(
(y − x) · y
|y − x|n

− |x|
2y · y − x · y
|y − x|2

)
.

By translation and scaling, we get :

Let r > 0, x0 ∈ Rn and g ∈ C (∂Br(x0)). Then,

u(x) =

{
r2−|x−x0|2

nωnr

´
∂Br(x0)

g(y)
|x−y|n dσ(y) x ∈ Br(x0)

g(x) x ∈ ∂Br(x0),

is a C∞(Br(x0)) ∩ C
(
Br(x0)

)
function solving the Dirichlet problem{

∆u = 0 in Br(x0)

u = g on ∂Br(x0).

Théorème 1.12 (Poisson formula).

Proof. Prove that u is really a solution of the Dirichlet problem.
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