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Chapter 1
Laplace equation

1.1 Harmonic functions
The Laplace operator is defined as

∆ =

n∑
j=1

∂2j .

Let U ⊂ Rn open and u ∈ C2(U).

1. u is subharmonic if ∆u ≥ 0 in U ,

2. u is superharmonic if ∆u ≤ 0 in U ,

3. u is harmonic if ∆u = 0.

Définition 1.1.

Examples
1. Affine and linear functions,

2. u : R2 → R defined by u(x, y) = x2 − y2,

3. v : R2 \ {0} → R defined by v(x, y) = log(x2 + y2).

Let U ⊂ Rn open, Br(x) ⊂ U and u ∈ C2(U).

1. If u is harmonic in U , then

u(x) =

 

∂Br(x)

udσ =

 

Br(x)

u,

where
ffl
A

u = 1
|A|

´
A

u, for a measurable set A.

2. If u is subharmonic (resp. superharmonic) in U , then

u(x) ≤
(≥)

 

∂Br(x)

udσ and u(x) ≤
(≥)

 

Br(x)

u.

Théorème 1.2 (Mean value property (MVP)).
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We set ωn := |B1(0)| and recall that

|Br(x)| = rnωn and |∂Br(x)| = nrn−1ωn.

Proof. It suffice to prove 2. when u is subharmonic. Let 0 < ρ ≤ r. By Divergence,
ˆ

∂Bρ(x)

∇u · η dσ =

ˆ

Bρ

div(∇u) ≥ 0.

Define
f(ρ) =

 

∂Bρ(x)

udσ.

0 ≤
ˆ

∂Bρ(x)

udσ

= ρn−1
ˆ

∂B1(0)

∇u(x+ ρt) · tdσ(t)

= ρn−1
∂

∂ρ

ˆ

∂B1(0)

u(x+ ρt) dσ(t)

= ρn−1nωn
∂

∂ρ

 

∂Bρ(0)

u

= ρn−1nωnf
′(ρ),

and thus f is increasing. Since
lim
ρ→0+

f(ρ) = u(x),

we get u(x) ≤ f(ρ) for all 0 < ρ ≤ r, and thus, the first inequality follow. For the second one,

rnωnu(x) =

ˆ r

0

nωnρ
n−1u(x) dρ ≤

ˆ r

0

ˆ

∂Bρ(x)

udσ =

ˆ

Br(x)

u,

and thus the second inequality follow.

Let U ⊂ Rn a domain (i.e. open and connected).

1. If u ∈ C2(U) is harmonic and there is x ∈ U s.t.

u(x) = sup
U
u or u(x) = inf

U
u,

then u is constant.

2. If u ∈ C2(U) is sub harmonic (resp. superharmonic) and there is x s.t. u(x) = sup
U
u (resp.

u(x) = inf
U
u), then u is constant.

Théorème 1.3.

Proof. It suffice to prove 2. when u is subharmonic. Let s := sup
U
u and set

Us := {x ∈ U | u(x) = s}.
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Since u is continuous, the set Us is closed. It’s also open since if x ∈ Us and Br(x) ⊂ U , by MVP applied
to u− s,

0 = u(z)− s ≤
ˆ

Br(x)

(u− s)︸ ︷︷ ︸
≤0

≤ 0.

Therefore ˆ

Br(x)

(u− s) = 0,

and thus u(y) = s for all y ∈ Br(x). Then Br(x) ⊂ U and the claim follow.

Remark 1. 1. The proof only use MVP.

2. If U is open and bounded, the minimum and the maximum of harmonic function (resp. maximum
of subharmonic/ minimum of superharmonic) are taken on the boundary.

Let U ⊂ Rn is open, bounded and u, v ∈ C2(U) ∩ C(U).

1. If ∆u = ∆v in U and u = v on ∂U , then u = v.

2. If u is subharmonic (resp. superharmonic), v harmonic and u = v on ∂U , then u ≤ v (resp.
u ≥ v) in U .

Corolaire 1.4.

Proof. Apply the previous remark to w := u− v.

Let U ⊂ Rn be a domain and V relatively compacta sub-domain (i.e. V ⊂ U and V connected).
Then, there is a constant C > 0 s.t. for all harmonic function u ∈ C2(U),

sup
V
u ≤ C inf

V
u.

ai.e. V is compact in U

Théorème 1.5 (Harnack’s inequality).

Proof.

Step 1 : Let 0 < δ ≤ 1
4dist(V , ∂U) and x, y ∈ V s.t. |x− y| ≤ δ. Then

Bδ(y) ⊂ B2δ(x) ⊂ U.

By the MVP,

u(x) =

 

B2δ(x)

u ≥
u≥0

|Bδ(x)|
|B2δ(x)|

ˆ

Bδ(x)

u = 2−nu(y).

By symmetry, we get
2−nu(y) ≤ u(x) ≤ 2nu(y),

for all |x− y| ≤ δ.

Step 2 : By compactness of V , there is a finite covering of ball B1, . . . , BN of radius δ2 and centers p1, . . . , pN .
If x, y ∈ V , there are Bj1 , . . . , Bjm of those ball, m ≤ N s.t. x ∈ Bj1 , Bjk ∩Bjk+1

6= ∅ and y ∈ Bjm .
By step 1,

u(x) ≤ 2nu(pj1) ≤ . . . ≤ 2n(N+1)u(y).

The claim follow with C = 2n(N+1).Peut-être plutôt 2n(m+1) ?
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1.2 Newtonian potential

The Newtonain potential Γ : Rn \ {0} −→ R is defined as

Γ(x) =

{
1
2π log |x| n = 2

− 1
n(n−2)ωn |x|

2−n n ≥ 3.

Définition 1.6.

Remark 2.

∂iΓ(x) =
1

nωn

xi
|x|n

and
1

nωn
· δij |x|

2 − nxixj
|x|n+1

.

Then

∆Γ(x) =
1

nωn|x|n+2

n∑
j=1

(|x|2 − nx2j ) = 0.

Also
|∂iΓ(x)| ≤ 1

nωn
· 1

|x|n−1
and |∂j∂iΓ(x)| ≤ 1

ωn
· 1

|x|n
.
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