SHARP STRICHARTZ ESTIMATES IN SPHERICAL
COORDINATES

ROBERT SCHIPPA

ABSTRACT. We prove almost sharp Strichartz estimates found after adding
regularity in the spherical coordinates for Schrodinger-like equations relying
on estimates involving spherical averages. Sharpness is discussed making use
of a modified Knapp-type example.

1. INTRODUCTION

Since we consider homogeneous estimates, we shall confine ourselves to homoge-
neous equations:

(1) { i0pu(t, r) + o(D)u(t,z) =0, (t,z) € R xR", D = (=A)Y/2,
u(0, -) = ug.

In the following we will deal with Schrodinger-like equations for most of the time,
that is the dispersion relation ¢ € C*((0, 00),R) is given by

(2) e(p) =p" a>1.

Strichartz estimates capture the dispersive properties of solutions to linear disper-
sive equations and classical homogeneous estimates for (1) in the case of (2) state
as follows

(3) HUHLZL?;(R") Sanpg ||u0”Hs7

where the derivatives are determined by scaling

(i)

Keel and Tao proved the sharp range of homogeneous estimates in [5], which is
given by
1 n (1

1
5 - < - === > 2 .
(5) q_2<2 p),q,p_,p#oo

Making use of the bilinear interpolation argument worked out in [5], Cho, Ozawa
and Xia showed homogeneous estimates for more general dispersion relations in
[3, Theorem 2, p. 1123].

Sharpness of (5) is seen considering a Knapp-type example, that is a maximally
anisotropic propagating wave. This example was already considered by Strichartz
in his seminal paper [7, Lemma 3., p. 707], in which he linked special cases of esti-
mates of the kind (3) to Fourier restriction estimates through duality. We review a
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modified example in Proposition 1.

This raised the question, whether one can extend the range of integrability coeffi-
cients found in [5] and [3] if one punishes anisotropic propagation by considering
angular regularity of the initial data. More precisely, for equations (1) in the case
of (2) we want to consider estimates of the kind:

(6) lullpore Sampaa ol e

where the Sobolev spaces H5* = D~*A;*L?(R") with angular regularity o are
defined making use of the inhomogeneous Laplace-Beltrami operator A, = (1 —
A,)Y?, when
Aw = Z Q?j, Qij = .’Eiaj — xjai.
1<i<j<n
This is in fact the case and Cho and Lee found the following theorem to hold:

Theorem 1.1 ([2, Theorem 1.2., p. 994]). Let n > 2 and suppose that (q,p) satisfies

n (1 1 1 2n—1 (1 1
(7) 2(2p)<q§ 5 <2p>qup22a
(n,q,p) # (2,2,00) and (¢,p) # (2, (4n —2)/(2n — 3)).

Then we find the estimate (6) to hold for the solution uw to (1) with s from (4)
provided that a > ((2n —1)/(2n — 2))(2/q +n/p — n/2).

Sharpness of the (g, p)-range (also for more general dispersion relations) up to
endpoints was also seen in [2, Section 4.1., pp. 1005f].
Probing the angular regularity with a Knapp-type example we find also for the more
n

general dispersion relations that an angular regularity o = % + % — % is necessary:

Proposition 1. Suppose that n > 2 and (q,p) satisfies (7). Then we find that

o> % + % — 5 is necessary for estimate (6) to hold.

Making use of a result due to Guo from [4] we prove the following result estab-
lishing estimates of the kind (6) for Schrédinger-like equations with sharp angular
regularity up to endpoints:

Theorem 1.2. Let q,p > 2, suppose that we are in the case of (2) and

n{l 1 1 2n—-1/1 1
— (2 -Z) <=« ———| forn=2,
2\2 p q 2 2 p

1

n(l 1 2n—1 /1 1 dn — 2
Ly < - 9, — = 2.
2(2 p><q_ 2 (2 p)’(q’p)#<’2n—3) form =

Then, forn = 2 orn > 2 and ¢ = 2, we find the estimate (6) to hold for a >
%+ % — % and for n > 2 we find the estimate (6) to hold for a = %—F PR T
whenever q # 2.

2. PROOF OF PROPOSITION 1 AND THEOREM 1.2
First, we show the necessary angular regularity:

Proof of Proposition 1. To simplify the concrete computation let us consider the
special case of Schrodinger’s equation, that is p(p) = p? in (1). Later on, we shall
see that the example allows broader application.

As initial datum we consider a small rectangular block in frequency space

(8) 720(5) = X(1—e,1+¢) (61)X(—8,8)(€2) s X(—ge) (En)
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For the solution to (1) we obtain

1+e R e ) e )
9)  u(t,z)=C, el(rlfl—tél)dfl/ ez(r2§2_tf2)d£2 B / el(zn&-n—tgn)dgn.
1—¢ —e —€
We perform a change of variables §~1 =&, — 1 and the first integral becomes
£ ~ - > ~ .
(10) dé e IHE)—HEaH+DT  gime=it [ gg, pilon =206 o—ite],
—e —€

Observe that the phase nearly vanishes in the domain of integration, if |1 — 2¢| <
1/e, |zi| < 1/e(i=2,...,n), |t| < 1/e? and therefore we have got'

(11) lu(t, )| 2 ™ for |z; —2t| < 1/e, |zi| < 1/e(i=2,...,n), |t| < 1/e?
and we obtain by the same means of the computation in the last section
(12) lullpape 2 " m/P=2/,

Observe that smoothing out the sharp transitions does not change the behaviour
found above. For the following part, we consider the sharp borders to be mollified
on a scale of €/10. The mollified variations will be denoted by x. We denote the
non-negative derivative of the transition region centered at the origin by ¥.(z),
which is symmetric and satisfies 1. (0) ~ ™!, supp(y.) C (—¢/10,£/10), [ =1;
the family (¢¢)¢ is in fact an approximate identity.

To estimate the Sobolev norm of the initial data with incorporated angular regu-
larity, we note that we can equivalently consider the Fourier transform of the initial
data (cf. ) and that the norm of the radial part of the initial datum is estimated by
[[@5?¢)| L2 ~ e~ 1/2 because the radial part is roughly supported in r = (1—¢,1+¢)
with a norm of order €”~!, which comes from intersecting the approximate block
with spheres, when the intersection is approximately a square of sidelength & due
to ¢ very small. We still have to compute ||(—Ay) %dol|2, = di<ici<n 19240]]2 .
Let us take a look at the concrete pair i = 1, j = 2, the other cases can be handled
similarly. For this computation we will not keep track of the variables which remain
untouched by the concrete vector field.

9125((1—6,1-&-5) ($1)>2(—s,5) (mQ)
= T1X(1-¢,14¢) (71) (Ve (22 + €) — Pe (22 — €))
= (e(r1 — (1 =€) = Ye(z1 — (1 +€))) TaX(—ce)(22)

Taking the square we find three terms: For the first one, we have

(13) I e 140y (@1) (V2 (22 + &) + 2 (22 — €)) .

Observe that this is the term of leading order after integration, which gives a quan-
tity ~ e" 2. The other contributions are of order ~ "I,

Likewise we find that the contribution from the other vector fields of the kind )y
is also of order ~ "~!, contributions from vector fields of the kind Q;;, 1 # i < j
are of higher order. We find the asymptotic

En—n/p—Q/q < En/2—1

IThis region is determined by the uncertainty principle (Az)(Ap) 2 1 and by the group velocity
©’(1), where ¢ denotes the dispersion relation.
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to hold for any (g¢,p) radially admissible as ¢ — 0. But, we find that after adding
angular regularity of a < 1 we have got ||uo|| F00 < &"/2=% by means of interpolation
and we find as a necessary condition

En—n/p—2/q < 5n/2—a7
Whichgivesaseﬁomataz%Jr%fg. g

Closely linked to estimates of the kind (6) are estimates involving spherical av-
erages, that is we consider the following norms:

e8] p/2
(14) lullpgczrs = /dt / drr™ (/ dw|u(t7rw)|2>
R 0 §n—1

The link is established through Sobolev embedding on the sphere

)

and for Schrodinger-like equations Guo showed that those estimates hold in es-
sentially the same range as the estimates found after requiring additional angular
regularity:

a/p\ V4

1 1 a
(15) ||f||Lg Snag ||AngL5 (¢< Oo,a > S -

2 n-—1

Theorem 2.1 ([4, Theorem 1.1, p. 3]). Let a > 1, q,p > 2 and suppose that

L. <1<2n—1 1.1 forn =2
2\2 »p 2 2 p v

n(1 1 m—1/1 1 dn — 2
L < S o= p 2.
2<2 p)<q_ 2 <2 p>’(q’p)#(’2n—3) form =

Then we find the estimate

=

itD? < s
(16) | Pve™" uo| pocons Srva Nlluolz
to hold for any N € 2% withSZg—%—%.

Theorem 1.2 is a consequence:

Proof of Theorem 1.2. For (g, p) admissible for Theorem 2.1 and o = (n—1) (
we find

D =
N———

1_
2

||PNUHL§L5 Snop ||A3PNU||L§££L§u
Snp.g NOIIAS Pruo| 22

Taking p to the sharp line, we find for ¢ > 2

For ¢ = 2 we only find

- 2 + non . dn — 2
a>—+4+—— = as .
q p 2 b 2n —3
The frequency localization is removed employing Littlewood-Paley theory and the
proof is concluded interpolating with the estimates on the classical sharp line. 0O
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3. REMARKS

The special case of the wave equation, which corresponds to a = 1 in (1), had
been treated in [2,6] and the results holding the analogues of the estimates we
discussed above are sharp up to endpoints. In [1, Corollary 1.5.; p. 4] the endpoint
angular regularity was obtained for ¢ > p.

From the weakened dispersion the classical estimates, which were already found in
[5], are only valid in the range

1 —-1/1 1
7§n (—),q,pZQ,p#OO,
p

q 2 2

whereat the estimates found after taking spherical averages or adding angular reg-
ularity are valid in the range

n—1/1 1 1 1 1
e > 9 .

Sharpness is again found employing Knapp-type examples (cf. [6, pp. 190, 195]).
In [6] was also considered additional angular regularity.

Furthermore, we note that Proposition 1 also provides a Knapp-type example for
far more general dispersion relations than those associated to Schrodinger-like equa-
tions, for which Cho and Lee proved estimates of the kind (6) in the same range like

in Theorem 1.1 provided that o > 22=1 (% + - %) (cf. [2, Theorem 1.1., p. 993]).

The example given in Proposition 1 leads us to conjecture that even for more general

dispersion relations the sharp angular regularity is a = % + % - 5.
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