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Motivation

We investigate the microscopic scaling limit of the symplectic elliptic Ginibre ensemble
along the real line.

» Quaternion N X N-matrices can be represented by complex 2N X 2N-matrices
A B
M = (-E K) , A,B e CN*N, (1)
» The symplectic elliptic Ginibre ensemble consists of G = /1 + 7 Mg + v/1 — 7 M,,

where Mg and M, are of the form (1) and such that Mg is Hermitian (GSE) and M, is
anti-Hermitian (AGSE). 7 € (0, 1) controls the non-Hermiticity of G.

» The eigenvalue jpdf of G is then given by [5]

1 N N
dP(z1, ... 2n) = —— [z — 21z — z1* [ [lzs — z|°e MY ®) a2, (2)
N ) 1=1
1 2 2
Q. (z) = (2> = TRe(z)), 7€ (0,1) (3)
1 — 72

The function Q- : C — R is called the external potential.
» As N — oo, the eigenvalues condense in the elliptic droplet
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For 7 = 0: unit disk (Ginibre), as 7 — 1: collapse to the real line (GSE).
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Figure 1: Eigenvalues of a symplectic elliptic Ginibre matrix with 7 = % N = 500

Looking at the eigenvalues of M we want to answer the question:

Is the local large-N limit of the eigenvalue correlation functions universal along
the real line? (universal = independent of the non-Hermiticity parameter 7)
Known so far:

» For 7 = 0 (Ginibre): [5] (origin) and [3] (real bulk and edge)
For 7 € (0, 1): [4] (origin), real bulk and edge unknown
» For 7 — 1 as N — oo: [5] (origin) and [7] (edge) real bulk unknown
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Finite-N Solution: Skew-Orthogonal Polynomials

The steps to derive the k-point correlation functions for (2) are known due to [5]:
» Rewrite the Jacobian using 2N monic skew-orthogonal polynomials qx(z) and qx(Zz)

t.8), = [ [[(2)8() - 8@ (@] (2 — 2)e ™ &%z
A2k, 921)s = (A2k+15 92141)s = 0, {92k, G2141) = Nkt > 0

» Express the correlation functions as a Pfaffian over the skew pre-kernel
N—1 1

on(u,v) = Z r_[Q2k+1(U)Q2k(V) — dok(u)gk+1(v)]
k=0 K

e.g. the spectral density is R1(z) = (z — z)e N g\ (z, 2).
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For the elliptic potential (3): use Hermite polynomials, see [5].
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Microscopic scaling limit: As N — oo we zoom into a point p € C like
G == VNé (z — p),
where § = %AQ is the point density at p. Here: AQ, = 1/(1 — 72).
» Rescaled skew pre-kernel: 6n(C, 1) := (N&)~3/2 oy (p + ¢/V/Nd,p + n/m)
Goal: for p € R compute

lim 6n(¢,7) and show that it is independent of T.

N— oo

Strategy: Differential Version of the Christoffel-Darboux Identity [1]

For p € R and all N € N, the pre-kernel 6 satisfies the differential equation

1+ 7
2/1 = 722321 (7 /2)

8C &N(Cv 77) — (\/2(1 — T)N p + 2(1 — T)C) &N(Ca 77)

F———— ) i H(@H(w) (5)
k=0 )
2v1—72 (7/2)" N1 (r/2)
o (2N — 1)!!H2N(€) ; (2|)!| H2|(w),

- N 1—72 N 1—72
with § = (/- P+ /77— C w=1/5- P+ /0
Remarkably, the term on the second line equals the orthogonal polynomial kernel &n(C, 77).
Thus, we can rely on results for the complex case to derive the limiting differential equation.
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Strong non-Hermiticity Limit [1]

By adapting the techniques of [6], we found the following limits for = € [0, 1):
» The real bulk: For |p| < v/2(1 + 7), there exists an € > 0 such that

on(¢,n) = 654 (Com) + O(e ),

where

]- 2 2
Gp(Cy M) 1= ﬁec T erf(¢ — n).

» The real edge: For p = ++/2(1 4 7) and an arbitrary € > 0 it holds

~ __ AR ~R,1/2 —14¢
UN(C? T’) - Jedge(69 T’) \/N a-edge (C’ 77) O(N )9
where
~ R . 1 2(n ’ —s? =
G ogee(Cs 1) 1= —e e sinh(2s(n — ¢)) erfc(¢ + n — s) ds
3/2
&R,l/z(c ) . 1 ]- + T / ecZ+,’72
edge » 1) -= 12\/57_‘_ 1— ~+
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Figure 2: Limiting density inside the real bulk Figure 3: Limiting density at the real edge

Weak non-Hermiticity Limit [2]

In the weak limit, we let 7 — 1 as N — oc©.
» The real bulk: For 7 = 7y =1 — c?/(2N), ¢ > 0 and p € (—2v/2, 2/2) fixed

n 1 . du
(¢, m) = meczﬂz /|e 25'“(2U(C — "7))77

where the integration range is | := (—¢&, €), € := /1 — p2/8c.
» Thereal edge: Forr =7y =1—-c?/(2N)/3 c > 0and p = pn =

_ 1 ot
5(¢om) = gy e / W(F,, f.)(u) du,

V2(1 4 )

fo(u) := 2c / e (C—D+c*/12 Ai(zc(é= — t)
0

Here, W(f, g) := fg’ — f’g is the Wronskian.
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Figure 4: Limiting density inside the real bulk Figure 5: Limiting density at the real edge

Wronskian Structure and Open Questions

All four pre-kernels can be written in Wronskian form, i.e. for suitable f;(u) and E C R:

" 1 2, .2

5(Cm) = 55 e | Wi(E, £) () du, (6)

Remarkably, the same f:(u) and E can also be used to express the limit in the complex case
~ 2 2 =2

£(Cm) =~ [ R (u) du (7

This raises several questions:
» What other symplectic non-Hermitian ensembles give rise to (6)7
» If (6) holds, does the limiting kernel for the complex ensemble satisfy (7)?
» Does universality of the complex kernel £({, 1) imply universality of the 6 (¢, n)?
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