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Motivation

A quaternion N×N-matrix can be represented by a complex 2N× 2N-matrix of the form

Q =

(
A B
−B A

)
, A,B ∈ CN×N. (1)

We work with the quaternion elliptic Ginibre ensemble and its chiral extension:
I A and B are from the elliptic Ginibre ensemble, i.e. of the form

√
1 + τX + i

√
1− τY

where X and Y are GUE matrices. The parameter τ ∈ [0, 1) interpolates between the
Ginibre ensemble (τ = 0) and the GUE (τ = 1). The weight function is

w(z, z) = exp
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.

(There is no N in the exponent, because we will work with the local limit at the origin.)
I A and B are from the chiral extension of the elliptic Ginibre ensemble i.e. of the form(

0 X + iµY
X † − iµY † 0

)
where X and Y are complex N × (N + ν) Ginibre matrices, ν ∈ N. The parameter
µ ≥ 0 models the non-hermiticity of the matrices. The weight function is

w(z, z) = |z|2(1+ν) Kν

(
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)
,

where Kν is the modified Bessel function of the second kind.

Looking at the eigenvalues of Q we want to answer the question:
Is the local large-N limit of the eigenvalue correlation functions at the origin
universal (i.e. independent of the parameter τ and µ respectively)?

I For the complex elliptic Ginibre ensemble: answered in [3] by using Mehler’s formula.
I For the quaternion ensembles: answered in [2] and [1] for τ = 0 (resp. µ = 1) and for the

weak non-hermiticity limit (τ → 1, µ→ 0 as N →∞). For fixed τ > 0 (and µ 6= 1)
only conjectured!

Orthogonal and Skew-Orthogonal Polynomials

For complex matrix ensembles the strategy to answer the above question is well known:
I Eigenvalue jpdf: P(z1, . . . , zN) ∼

∏
k>l|zk − zl|2

∏N
l=1 w(zl, zl)

I Correlation fct.: Rn(z1, . . . , zn) := N!
(N−n)!

∫
C· · ·

∫
C P(z1, . . . , zN) d2zn+1 . . . d

2zN

I Orthogonal polynomials pk(z), k = 1, . . . ,N:
∫
C pk(z)pl(z)w(z, z) d2z = hkδk,l

I Then Rn(·) is a determinant over the pre-kernel KN(u, v) :=
∑N−1

k=0 h−1
k pk(u)pk(v)

I Answer the above question by computing F (u, v) := limN→∞KN(u, v)

For quaternion matrices as in (1) a similar approach can be used (all steps taken from [2]):
I Derive the eigenvalue jpdf (note that Q has 2N complex eigenvalues which come in

complex conjugate pairs z, z):

P(z1, . . . , zN) ∼
∏
k>l

|zk − zl|2|zk − zl|2
N∏

l=1

|zl − zl|2︸ ︷︷ ︸
=J(z1,z1,...,zN,zN)

N∏
l=1

w(zl, zl)

I Rewrite the Jacobian J(·) using 2N monic skew-orthogonal polynomials qk(z) and qk(z)

〈f , g〉s :=

∫
C

(z − z)w(z, z)[f (z)g(z)− g(z)f (z)] d2z

〈q2k+1, q2l+1〉s = 0 = 〈q2k+1, q2l+1〉s, 〈q2k+1, q2l〉s = rkδk,l
I Express the correlation functions as a Pfaffian over the skew-prekernel

SN(u, v) =
N∑

k=0

q2k+1(u)q2k(v)− q2k(u)q2k+1(v)

rk

e.g. the spectral density is R1(z) = (z − z)w(z, z)SN(z, z)
I To answer the above question, compute G(u, v) := lim

N→∞
SN(u, v)

We will focus on the last step.

Elliptic Ginibre Ensemble

The monic skew-orthogonal polynomials for the quaternion ensemble are ([2, sec. 4.2]):
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, q2k(z) = 2kk!
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with skew-norms rk = 2π

√
1− τ 2(1− τ )(2k + 1)!. To evaluate G(u, v) we

I Replace the Hermite polynomials with their integral representation

Hn(z) = (−i)n 2n

√
π
ez2

∫ ∞
−∞

tn e−t2+2izt dt

I Swap integrals and sums, this will lead to a sum over monomials:

σ(u, v) :=
∞∑

k=0

k∑
l=0

22k+1 k!
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[
u2k+1 v2l − u2l v2k+1

]
I Derive a differential equation for this double-sum:

∂

∂u
σ(u, v) = 2u σ(u, v) + 2e2uv

I Solve the differential equation (already done in [2, sec. 5.2])
I Compute the two integrals from the integral representation

Elliptic Ginibre Ensemble (continued)

Similarly to Mehler’s formula for the orthogonal Hermite polynomials
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we arrive at the following new result:
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)
Accordingly the large-N limit of the spectral density is

lim
N→∞
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1

π(1− τ 2)
f
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 where f (y) := ye−y2

∫ y

0
e+t2

dt.

After the rescaling ẑ =
√

2
1−τ 2 z the density is independent of τ , therefore the

density profile given by f (Im(z)) is universal. This confirms the conjecture in [2].

Chiral Elliptic Ginibre Ensemble

Note that the eigenvalues come in groups of four z, z,−z,−z , the spectral density is
R1(z) := (z2 − z2)w(z, z)SN(z, z). The monic skew-orthogonal polynomials for the
quaternion ensemble are ([1, sec. 2.3])
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with norms rk = 8πµ4(1 + µ2)4k+2ν(2k + 1)!(2k + 2ν + 1)!, L(2ν)

n is the n-th
generalized Laguerre polynomial. We use the same strategy as for the elliptic Ginibre case.
Similarly to Mehler’s formula for the orthogonal Laguerre polynomials
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we arrive at the following new result:
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Accordingly the large-N limit of the spectral density is

lim
N→∞
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After the rescaling ẑ =
√

1+µ2

2µ2 z the density is independent of µ, therefore the

density profile given by f (z) is universal. This confirms the conjecture in [1].

Conclusion and Open Questions

We have computed the analog of Mehler’s formula for skew-orthogonal polynomials as they
appear in the elliptic Ginibre ensemble and its chiral extension. Using these formulas we
confirmed two conjectures about the local large-N limit at the origin for strong
non-hermiticity.

Figure 1:Quaternion elliptic Ginibre limit f (z) Figure 2:Quaternion chiral elliptic Ginibre limit f (z)

There are still some open questions about the local limit:
I What is the limit at other points on the real line? (Equivalent kernels?)
I What is the limit in the bulk? (Probably the same as for the complex ensembles?)
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