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Random point processes

Random point process: a procedure that generates a batch of
N points, randomly distributed in Rd (here: d = 2, R2 = C).

Points are not placed independently of each other (in general).
⇒ joint probability density function P(z1, z2, . . . , zN)
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Example: 2D i.i.d. unit disk

P(z1, z2, . . . , zN) ∼
N∏
l=1

w(zl)

Motivation: Poisson point process
For w(z) = θ(1− |z |) (uniform on unit disk), N = 1000:
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Example: complex Ginibre ensemble

P(z1, . . . , zN) ∼
∏
j>l

|zj − zl |2
N∏
l=1

w(zl)

Motivation: non-hermitian complex random matrices
For w(z) = e−|z|

2
(Ginibre ensemble), N = 1000:
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Example: quaternionic Ginibre ensemble

P(z1, . . . , zN) ∼
∏
j>l

|zj − zl |2|zj − zl |2
N∏
l=1

|zl − zl |2
N∏
l=1

w(zl)

Motivation: quaternionic non-Hermitian random matrices
For w(z) = e−|z|

2
, N = 500 (⇒ 1000 points drawn):
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Example: quaternionic Ginibre ensemble

For N = 50, number of batches = 1000:
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Joint densities and correlation functions

Question: For

P(z1, ..., zN) ∼



N∏
l=1

w(zl)∏
j>l

|zj − zl |2
N∏
l=1

w(zl)∏
j>l

|zj − zl |2|zj − zl |2
N∏
l=1

|zl − zl |2
N∏
l=1

w(zl)

how can we analyze the point distribution statistics?

Answer: Compute the k-point correlation functions

Rk(z1, ..., zk) :=
N!

(N − k)!

∫
C
· · ·
∫
C︸ ︷︷ ︸

N−k-fold integral

P(z1, ..., zN)d2zk+1 . . . d
2zN
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Compute the correlation function

For P(z1, . . . , zN) ∼
∏N

l=1 w(zl):

Rk(z1, . . . , zk) ∼
k∏

l=1

w(zl)
N∏

l=k+1

∫
C
w(zl)d

2zl︸ ︷︷ ︸
1-fold integral!

Question: For

P(z1, . . . , zN) ∼


∏
j>l

|zj − zl |2
N∏
l=1

w(zl)∏
j>l

|zj − zl |2|zj − zl |2
N∏
l=1

|zl − zl |2
N∏
l=1

w(zl)

how do we calculate the N − k-fold integral?
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Sufficiently advanced algebra = magic

1 Vandermonde determinant

N∏
j>l

(zj − zl) = det


1 z1 z2

1 · · · zN−1
1

1 z2 z2
2 · · · zN−1

2
...

...
...

. . .
...

1 zN z2
N · · · zN−1

N


2 Column operations

N∏
j>l

(zj − zl) = det

p0(z1) · · · pN−1(z1)
...

. . .
...

p0(zN) · · · pN−1(zN)


for polynomials pl(z) = 1z l + . . . (monic).

3 Leibniz formula:
N∏
j>l

(zj − zl) =
∑
σ

sgn(σ)
N∏
l=1

pσ(l)(zl)
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Complex case: orthogonal polynomials

∏
j>l

|zj − zl |2 =
∏
j>l

(zj − zl)
∏
j>l

(zj − zl) = det(· · · ) det(· · ·)

Rk(z1, . . . , zk) ∼
∑
σ1,σ2

(. . . )
N∏

l=k+1

∫
C
pσ1(l)(zl)pσ2(l)(zl)w(zl)d

2zl︸ ︷︷ ︸
1-fold integral!

Use orthogonal polynomials (OP) [Mehta, Random Matrices]:

〈pj , pl〉 :=

∫
C
pj(z)pl(z)w(z)d2z = hj δj ,l

Example: Density (k = 1)

R1(z) = w(z)
N−1∑
l=0

pl(z)pl(z)

hl
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Quaternion case: skew-orthogonal polynomials

∏
j>l

|zj − zl |2|zj − zl |2
N∏
l=1

|zl − zl |2 =
N∏
l=1

(zl−zl) det
l≤2N−1
j≤N

[
ql(zj)
ql(zj)

]

Use skew-orthogonal polynomials (SOP) [Kanzieper, 2002]:

〈f , g〉s :=

∫
C

[f (z)g(z)− g(z)f (z)](z − z)w(z)d2z ,

〈q2j+1, q2l+1〉s = 0 = 〈q2j , q2l〉s, 〈q2j+1, q2l〉s = rj δj ,l

Example: Density

R1(z) = (z − z)w(z)
N−1∑
l=0

q2l+1(z)q2l(z)− q2l(z)q2l+1(z)

rl
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Looking for OP and SOP

Given a weight function w(z).

Question: How do we find the orthogonal polynomials?
Answer:

. Gram-Schmidt procedure ⇒ OP exist, are unique

. Literature: many w(z) with nice orthogonal polynomials
known (examples later)

Question: How do we find skew-orthogonal polynomials?
Answer:

. Gram-Schmidt: does not work (〈·, ·〉s not a scalar
product), SOP not unique (even ones are, odd ones not)

. Literature: Not much known (examples later)
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Construction from OP to SOP

Two important facts:

. Orthogonal polynomials may satisfy a 3-step recurrence:

z pj(z) = ajpj+1(z) + bjpj(z) + cjpj−1(z)

(OP on R: always works, OP on C: not guaranteed)

. Skew-product can be expressed by the scalar product:

〈qj , ql〉s =

∫
C

[qj(z)ql(z)− ql(z)qj(z)](z − z)w(z) d2z

= 〈qj , z ql〉 − 〈ql , z qj〉 − 〈z qj , ql〉+ 〈z ql , qj〉

⇒ Write the SOP qj(z) as a linear combination of the OP pj(z)
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Construction from OP to SOP

Theorem (not new, but not formalized in literature)

If the orthogonal polynomials pj(z) satisfy the 3-step recurrence

z pj(z) = ajpj+1(z) + bjpj(z) + cjpj−1(z), aj , bj , cj ∈ R,

then the polynomials

q2j+1(z) := p2j+1(z), q2j(z) :=
1

λj

j∑
i=0

λip2i (z),

λ0 = 1, λi =
i−1∏
k=0

a2kh2k+1 − c2k+1h2k

a2k+1h2k+2 − c2k+2h2k+1

are skew-orthogonal with skew-norms

rj = 2(a2jh2j+1 − c2j+1h2j).
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Example: quaternionic Ginibre ensemble

Weight:

w(z) = e−|z|
2

Orthogonal polynomials:∫
C
z jz ie−|z|

2

d2z = πj! δj ,i

⇒ pj(z) = z j , hj = πj!

Skew-orthogonal polynomials:

q2j+1(z) = z2j+1, q2j(z) = 2j j!

j∑
i=0

z2i

2i i !
, rj = 2π(2j + 1)!

End result for Rk known [Mehta], but without SOP formalism.
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Example: quaternionic Ginibre ensemble

Density R1(z) for N = 50:
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Example: elliptic Ginibre ensemble

Weight: [Fyodorov & Khoruzhenko & Sommers, 1998]

w(z) = exp

(
− 1

1− τ2

[
|z |2 − τ Re(z2)

])
, τ ∈ (0, 1)

OP (Hj = Hermite polynomials):

pj(z) =
(τ

2

)j/2
Hj

(
z√
2τ

)
, hj = π

√
1− τ2j!

SOP: [Kanzieper, 2002]

q2j+1(z) =
(τ

2

)j+1/2
H2j+1

(
z√
2τ

)
,

q2j(z) = 2j j!

j∑
i=0

τ i

22i i !
H2i

(
z√
2τ

)
,

rj = 2π(1− τ)
√

1− τ2 (2j + 1)!



Random point
processes

Correlation
functions

Construction
OP ⇒ SOP

Examples

Final remarks
and summary

Appendix

Example: elliptic Ginibre ensemble

Density for τ = 1
4 , N = 50:
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Example: Gegenbauer

Weight (no random matrix ensemble known):

w(x + iy) =
1 + α

πab

(
1− x2

a2
− y2

b2

)α
θ

(
1− x2

a2
− y2

b2

)
,

α > 0, a > b > 0

OP (C
(ν)
j = Gegenbauer polynomials):

pj(z) =

√
a2 − b2j j!

2j(1 + α)j
C

(1+α)
j

(
z√

a2 − b2

)
,

hj =
1 + α

1 + α + j

(
j!

(1 + α)j

)2(a2 − b2

4

)j

C
(1+α)
j

(
a2 + b2

a2 − b2

)
SOP (new result):

λj =
4

a2 − b2

j−1∏
i=0

(2 + α + 2i)(3 + α + 2i)

(2i + 2)2

C
(1+α)
2i+1

(
a2+b2

a2−b2

)
− 2+2α+2i

2i+1 C
(1+α)
2i

(
a2+b2

a2−b2

)
C

(1+α)
2i+2

(
a2+b2

a2−b2

)
− 3+2α+2i

2i+2 C
(1+α)
2i+1

(
a2+b2

a2−b2

) ,
rj =

2(1 + α)

2 + α + 2j

(
(2j + 1)!

(1 + α)2j+1

)2(a2 − b2

4

)2k+1[
C

(1+α)
2j+1

(
a2 + b2

a2 − b2

)
− 2 + 2α + 2j

2j + 1
C

(1+α)
2j

(
a2 + b2

a2 − b2

)]
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Example: Gegenbauer

Density for α = 10, a = 1, b = 2
3 , N = 10:
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Final remarks

. Rk(z1, . . . , zk): Write as a determinant/Pfaffian over the
kernel/skew-kernel

KN(u, v) =
∑N−1

l=0
pl (u)pl (v)

hl

SN(u, v) =
∑N−1

l=0
q2l+1(u)q2l (v)−q2l (u)q2l+1(v)

rl

. Properties of OP on C ⇒ Properties of SOP on C
E.g. elliptic Ginibre (OP = Hermite):

. Integral representation ⇒ local large-N limit at origin

. Large degree asymptotics ⇒ weak non-hermiticity limit
[Kanzieper, 2002]

. What to do when OP do not satisfy a 3-step recurrence?
For w(z) = 1Ω,Ω ⊆ C bounded and simply connected:
OP (on C) satisfy d-step recurrence relation ⇒ d = 3
[Khavinson & Stylianopoulos, 2009]
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Summary

. Given jpdf P(. . . ), compute and analyze Rk(. . . )

. Compute integrals: use (skew-)orthogonal polynomials

. OP (on C) are well understood, but SOP are not

. OP + 3-step recurrence ⇒ SOP:

q2j+1(z) := p2j+1(z), q2j(z) :=
1

λj

j∑
i=0

λip2i (z)

(Construction not new, but not formalized in literature)

. Open problem: without 3-step recurrence
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Appendix I: Where are the quaternions?

Quaternions can be represented as 2× 2 complex matrices:

q = q0 + iq1 + q2j + q3k ↔
(

a b

−b a

)
,
a = q0 + iq3

b = q1 + iq2

Use the same representation for random quaternionic matrices:
Generate 2 complex random N × N-matrices A and B and set

Q =

(
A B

−B A

)
∈ C2N×2N .

The 2N eigenvalues of Q come in complex conjugate pairs z , z
which are distributed like

P(z1, . . . , zN) ∼
∏
j>l

|zj − zl |2|zj − zl |2
N∏
l=1

|zl − zl |2
N∏
l=1

w(zl).
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Appendix II: Heine-formula and uniqueness

It is well known that the orthogonal polynomials can be written
as the expectation value of the characteristic polynomial

pN(x) = 〈det(x − A)〉N

=

∫
C
· · ·
∫
C
P(z1, . . . , zN)

N∏
l=1

(x − zl)d
2z1 . . . d

2zN .

A similar N-fold integral representation holds for the SOP:

q2N(x) = 〈det(x − Q)〉N
q2N+1(x) = 〈det(x − Q) Tr(x + Q + cN)〉N .

where cN ∈ R is an arbitrary constant ⇒ q2N+1 not unique:
Set q̃2j = q2j and q̃2j+1 = q2j+1 + cjq2j for some cj ∈ R, then
the q̃j are skew-orthogonal with r̃j = rj .
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Appendix III: chiral elliptic Ginibre ensemble

Weight (Kν = Bessel-K function):

w(z) = |z |2ν+2Kν

(
N(1 + µ2)

2µ2
|z |2
)

exp

(
N(1− µ2)

2µ2
Re(z2)

)
OP (Lνj = generalized Laguerre polynomials):

pj(z) =

(
−1− µ2

N

)j

j! Lνj

(
N

1− µ2
z2

)
,

hj = πµ2(1 + µ2)2j+ν j! (j + ν)!

N2k+ν+2

SOP: G. Akemann. The Complex Laguerre Symplectic Ensemble of

Non-Hermitian Matrices. Nucl.Phys. B730 (2005) 253–299

arXiv:hep-th/0507156
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Appendix III: chiral elliptic Ginibre ensemble

Density for µ = 2
3 , ν = 0, N = 25:
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