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What is metastabilty?

Supercooled water
(Source: https://youtu.be/fSPzMva9_CE)
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https://youtu.be/fSPzMva9_CE

What is metastabilty?

Ising model with Glauber dynamics at low temperature
(Online: https://youtu.be/_vrtfDcjfxU)
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What is metastabilty?
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Particles interacting with a Lennard—Jones potential,
coupled to a thermostat (stochastic differential equation, or SDE)
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1. Metastable Markov chains
on a finite set
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A simple example
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A simple example

1-e3-¢* 1-g2-¢3
et 1-3-¢4 g
/\
50 S BT
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€
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0<e <emax
1-¢
>e=0: P=Id

> 0 < e <emax: irreducible, aperiodic, not reversible
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A simple example

1-¢3-¢* 1-¢2-¢3
et 1-3-¢4 g
/\
— = —® p=l & 1-&-¢

l1-¢
>e=0: P=Id
> 0 < e <emax: irreducible, aperiodic, not reversible

Stationary distribution:
Speed of convergence to mg?

Eigenvalues of P:
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Main question

How to easily determine leading term of spectral gap 1 — ;7

> Linear algebra/analytic methods (singular perturbation theory), e.g.
[Schweitzer 68, Hassin & Haviv 92, Avrachenkov & Lasserre 99]

> Probabilistic methods, e.g. [Wentzell 72, Freidlin & Wentzell 70s,
Miclo 95, Beltran & Landim 2010, Cameron & Vanden—Eijnden 2014,
Betz & Le Roux 2016, Cameron & Gan 2016]
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Some probabilistic tools: O /6_\ Q
> W-graphs GV\/@

83
> Lumping of states c
> Speeding up time e &2
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I _ .
Some probabilistic tools: O /6_\ Q
> W-graphs GV\/@

> Here: trace process

83
> Lumping of states c
> Speeding up time e &2
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Killed process
X finite, {X;} neny, irreducible aperiodic M.C., transition matrix P, Ac X

> Process killed upon leaving A: Pa(x,y) = P(x,y)(y yen)

Metastable dynamics of Markov processes 20-22 December, 2021 6/24



Killed process
X finite, {X;} neny, irreducible aperiodic M.C., transition matrix P, Ac X

> Process killed upon leaving A: Pa(x,y) = P(x,y)(y yen)

54
—— P= 3 1-g2-¢3 &2
ﬂ 0 € l1-¢
1> 52

A={1,2}
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O
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Trace process [Landim, Beltran]
X finite, {X;} nen, irreducible aperiodic M.C., transition matrix P, Ac X

> Trace process on A: process monitored only when in A
AP(x,y) =P{Xr =y}, 71a=inf{n>1:X, €A}
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Trace process [Landim, Beltran]
X finite, {X;} nen, irreducible aperiodic M.C., transition matrix P, Ac X

> Trace process on A: process monitored only when in A
AP(x,y) =P{Xr =y}, 71a=inf{n>1:X, €A}

Matrix representation (Schur complement)

p_ ( Pa  Paac

p p ) = AP:PA"‘PAAC[H_PAC]_lPACA
ACA Ac
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Application to the example

P=(PA PAAC) = AP =Pa+Paac[ll— Pac] ' Paca

PACA PAC
4
O /:\;@Q 1-g3-¢* et g3
€ 0 € 1-¢
£ 62
A={1,2}
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A nice application of the trace process

Recall: the chain in not assumed to be reversible:
mo(x)P(x,y) # mo(y)P(y,x) in general
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A nice application of the trace process

Recall: the chain in not assumed to be reversible:
mo(x)P(x,y) # mo(y)P(y,x) in general

Proposition: Vx,y € A

mo()P* {7y <7} = mo(y)PV {7 <77}
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A nice application of the trace process

Recall: the chain in not assumed to be reversible:
mo(x)P(x,y) # mo(y)P(y,x) in general

Proposition: Vx,y € A

mo(x)P {1y <77} = mo(y)PY {75 <7, }

> First proof in non-reversible case: [Betz & Le Roux 2016]
Using mo(x) = 1/EX[7]]

> Alternative proof using trace process: [Baudel & B 2017]
Remark: |4 is invariant by 4P
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Good domains
Definition: For Ac X, let
pin(A) = injc ]P’X{Xl € A}

Pout(A) = suEIP’X{Xl e A%}

Ais a good domain if lim Pout(A) =0
=0 pin(A)
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Good domains
Definition: For Ac X, let
pn(A) = inf P* (X, € A)
Pout (A) = supP*{X; € A°}

xeA
. . . 1. Pout A
Ais a good domain if lim Pout(A) _ 0
e-0 pin(A)
Example:
Q— L
— .
\6_3/@
€
53 82
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Main idea

For a good domain A,

Pa  Paac) . ) = AP 0
P = is well-approximated by P =
(PAC A Pac ) PP y (PAC A PAC)
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Main idea

For a good domain A,

P:( Pa  Paac

AP 0
PACA PAC

is well-approximated by P =
) PP Y (PACA Pac

Norm: |Q[ = sup |Qples = sup [uQl1=sup 3 [Q(x,y)|
Jiploe=1 Jisla=1 xeX yex

Lemma: P~ P| = 2pouc(A) |
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Main idea

Fact from spectral theory (using complex analysis, Riesz projector):
A simple eigenvalue of P at distance > |P — P| from remaining spectrum
= P has unique eigenvalue at distance O(|P - P||) from A

Consequence: If A€ = {x} then pin(A) =1-P(x,x) =1-X

= 1-A=1-A+0(pout(A)) = (1- 5‘)[1 + O('ﬁ:t((:‘)))]

Example: Ay = 1—¢ perturbs to Ay = 1 — ¢ + O(£?)
The argument does not suffice to compare spectra of P4 and 4P

1--e3-¢g% 3464 0
P = e3 1-¢3 0
0 15 1-¢
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Laplace transforms
ueC = [EX[e""4] exists for e[ >1-pn(A) (*) |
Follows from PY {7 > n} < (1 - pin(A))" Vy € A€
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Laplace transforms
ueC = [EX[e""4] exists for e[ >1-pn(A) (*) |
Follows from PY {7 > n} < (1 - pin(A))" Vy € A€

Proposition [Feynman—Kac type relation]
Under (x). (PO)(x)= e 6(x) xeAC
P(x) = ¢(x) xeA
admits unique solution ¢(x) = EX[e“™ ¢(X,,)], 7a = inf{n>0: X, € A}

Proof:
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Laplace transforms

Corollary [Reduction to eigenvalue problem on A]

Under (x), Pp=e"pin X < sP'¢=e"¢inA
where APY(x,y) = Ex[e“(ﬂ_l) I x +:y}] is such that 4PY = 4P
TA

Proof of =:
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Laplace transforms
Proposition

|1 —e [ supyen EX[T,X -1] < |1 - e |pout(A)

AP - AP%| < <
| e supycn B 7] < pn(A)—[L-
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Main result — nondegenerate case
Algorithm in nondegenerate case:
> Assume Ix € X such that 1 - P(x,x) > 1-P(y,y) Vy # x
> Take A=X ~\ {x} (Ais a good set)
> Then 11— P has ev 1 - A = P(x,x)[1+ O(pin(A)/pout(A))] R
> Compute 4P and start again with P replaced by 4P
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> Then 11— P has ev 1 - A = P(x,x)[1+ O(pin(A)/pout(A))] R
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Theorem [Baudel & B, 2017]

> Non-degenerate case: 3JA; c Ay c---c A, =X s.t.
#(Aks1 N Ax) =1, each Ay good set for 4, , P
Renumber states s.t. Ax ={1,...,k}. Then

out (Adl Ak
> No=1, A= 1-PUr <rf }[1+0(Beslleite) )] e
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Theorem [Baudel & B, 2017]

> Non-degenerate case: 3JA; c Ay c---c A, =X s.t.
#(Aks1 N Ax) =1, each Ay good set for 4, , P
Renumber states s.t. Ax ={1,...,k}. Then

out (Adl Ak
> No=1, A= 1-PUr <rf }[1+0(Beslleite) )] e

> kth right eigenvector ¢ close to P*{7y,1 <74, }

> kth left eigenvector 7 close to quasistationary distribution (QSD)
of Py, (left eigenvect of P4, for Perron—Frobenius principal eigenval)

v
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Algorithm in degenerate case

3 €2 O € O
COT=0=0—0——060D
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Algorithm in degenerate case

200 -0
— — —
COT=B=0—0——6D
& &
Degenerate part, leading order: Eigenvalues: 1
€ 1-¢

O_O0+—06 1-2¢

&

Effective trace process:

3 2

/E_\L /8_\ X 2

@\G/@v Eigenvalues: 1-2¢
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Trace on {1,3&4}: @C 1

63

Bl

Metastable dynamics of Markov processes 20-22 December, 2021 17/24



References

>

>

N.B. & Damien Landon, Mixed-mode oscillations and interspike interval statistics
in the stochastic FitzHugh—Nagumo model, Nonlinearity 25, 2303-2335 (2012)
N.B. & Barbara Gentz, On the noise-induced passage through an unstable
periodic orbit II: General case, SIAM J. Math. Analysis 46, 310-352 (2014)
Manon Baudel & N.B., Spectral theory for random Poincaré maps, SIAM J. Math.
Analysis 49, 4319-4375 (2017)

N.B., Bastien Fernandez & Barbara Gentz, Metastability in interacting nonlinear
stochastic differential equations I: From weak coupling to synchronisation

& II: Large-N behaviour, Nonlinearity 20, 2551-2581; 2583-2614 (2007)

N.B. & Barbara Gentz, Sharp estimates for metastable lifetimes in parabolic
SPDEs: Kramers' law and beyond, Electronic J. Probability 18, (24):1-58 (2013)
N.B., Giacomo Di Gesu & Hendrik Weber, An Eyring—Kramers law for the

stochastic Allen—Cahn equation in dimension two, Electronic J. Probability 22,
1-27 (2017)

N.B., Kramers’ law: Validity, derivations and generalisations, Markov Processes
Relat. Fields 19, 459-490 (2013)

N.B., An introduction to singular stochastic PDEs: Allen-Cahn equations,
metastability and regularity structures, monograph, EMS, to appear. Based on
https://arxiv.org/abs/1901.07420

Metastable dynamics of Markov processes 20-22 December, 2021 18/24


http://dx.doi.org/10.1088/0951-7715/25/8/2303
http://dx.doi.org/10.1137/120887965
http://dx.doi.org/10.1137/16M1103816
http://dx.doi.org/10.1137/16M1103816
http://dx.doi.org/10.1088/0951-7715/20/11/006
http://dx.doi.org/10.1088/0951-7715/20/11/007
http://dx.doi.org/10.1214/EJP.v18-1802
http://dx.doi.org/10.1007/s10884-014-9419-5
http://dx.doi.org/10.1007/s10884-014-9419-5
http://www.univ-orleans.fr/mapmo/membres/berglund/mprf_19_2013.pdf
http://www.univ-orleans.fr/mapmo/membres/berglund/mprf_19_2013.pdf
https://arxiv.org/abs/1901.07420

