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Organization

I Lecturer: Maximilian Engel
Email: maximilian.engel@fu-berlin.de
Website: https://sites.google.com/view/maximilian-engel/home

I Structure of Lectures

1. Lecture I: Random Dynamical Systems (RDS): Important definitions
and examples

2. Lecture II: Linear RDS, Multiplicative Ergodic Theorem and
Lyapunov exponents

3. Lecture III: Lyapunov exponents and bifurcations
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What is a random dynamical system?

A random dynamical system on a topological state space X consists of

(i) a model of the noise on a probability space formalized as a family
(θt)t∈T of measure-preserving transformations,

(ii) a model of the dynamics on X perturbed by noise formalized as a
cocycle ϕ over θ, i.e. a stochastic flow.

Typical examples of random dynamical systems are

1. Products of different maps associated with particular probabilities,

2. Stochastic Differential Equations (SDEs)

dXt = f (Xt)dt +
∑
j

gj(Xt) ◦ dW j
t .
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How is the theory related to classical stochastic analysis?

One-point motion:

Stationary, ergodic

density p for SDE

n-point motion:

Random trajectories

driven by same noise
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Technical core elements of random dynamical systems

1. Random attractors with chaotic behavior and fractal geometry:

t=0 t=5 t=50

2. Invariant measures for random dynamical systems and their
relation to invariant measures for Markov semigroups

3. Stability via Lyapunov exponents, deriving explicit formulas using
Kolmogorov equations

4. Stochastic bifurcations: Toplogical changes of random attractors
depending on some system parameter
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Main references for Lectures I and II

L. Arnold.

Random Dynamical Systems.

Springer, Berlin, 1998.

M. Engel.

Lecture Notes on Random Dynamical Systems. FU Berlin, 2021.

S. Kuksin and A. Shirikyan.

Mathematics of two-dimensional turbulence.

Cambridge University Press, 2012.

Z. Schuss.

Theory and applications of stochastic processes.

Springer, New York, 2010.

M. Viana.

Lectures on Lyapunov exponents.

Cambridge University Press, 2014.
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