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Overview

Structure of the course

Lecture 1 Basic definitions and generation of RDS by product of random mappings (Sections
1.1, 1.2)

Lecture 2 RDS from differential equations: perfection of cocycle from SDEs (Sections 1.3, 1.4)
Lecture 3 Invariant measures and the correspondence theorem (Section 1.5)

Lecture 4 Lyapunov exponents and Subadditive Ergodic Theorem (Section 2.1)

Lecture 5 Furstenberg-Kesten Theorem and MET I (Section 2.1)

Lecture 6 MET II and FK-formula (Sections 2.1, 2.2)

Lecture 7 (Local) stable/unstable manifold theorems (Section 2.3)

Lecture 8 Random attractors: basic definition and proof of existence via absorbing sets (Section
3.1)

Lecture 9 Entropy for random dynamical systems (Section 3.2)
Lecture 10 Pesin’s formula and SRB measures (Section 3.2)
Lecture 11 Topological conjugacies and bifurcations (Chapter 4)

Lecture 12 Random bifurcations in SDEs, change of random attractors and signs of Lyapunov

exponents (Chapter 4)
Lecture 13 Local RDS and quasi-stationary/quasi-ergodic dynamics (Sections 5.1-5.4)

Lecture 14 Open for questions/discussons

Main references

The main references for this lecture are [2, 59, 61], but there will be a list of several other

references that are updated throughout the course.



Chapter 0

Some elements of measure theory

and dynamical systems

0.1 Measures and measure spaces

0.1.1 Basic definitions and properties

We collect the most basic definitions in measure theory, followed by some results which will be

useful in the lectures.

Definition 0.1.1 (Algebra and o-algebra ). Consider a collection A of subsets of a set X with
() € A, and the following properties:

(a) When A € A then A°:=X\Aec A
(b) When A,B € Athen AUB € A.
(b’) Given a finite or infinite sequence {Ay} of subsets of X, A;, € A, then also J, A € A.

If A satisfies (a) and (b), it is called an algebra of subsets of X; if it satisfies (a) and (b’), it is

called a o-algebra .
It follows from the definition that a o-algebra is an algebra, and for an algebra A holds
e ),X € A,
e ABec A= ANBEe A
e ABc A= A\BeA,
e if Ais a o-algebra , then {4} C A=), A € A.

Definition 0.1.2 (Measure). A function p: A — [0,00] on a o-algebra A is a measure if

(b) u(A) >0 for all A € A; and
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(c) (Ui Ak) = > (Ag) if {A} is a finite or infinite sequence of pairwise disjoint sets from
A, that is, A; N A; = () for i # j. This property of p is called o-additivity (or countable
additivity).

If, in addition, pu(X) = 1, then p is called a probability measure.
Definition 0.1.3.

(a) If A is a o-algebra of subsets of X and p is a measure on A, then the triple (X, A, p) is

called a measure space. The subsets of X contained in A are called measurable.

(b) If u(X) < oo (resp. u(X) = 1) then the measure space is called finite (resp. probabilistic or

normalized).

(c) If there is a sequence {Ay} C A satisfying X = |J, Ax and p(Ag) < oo for all k, then the

measure space (X, A, u) is called o-finite.

A set N € A with u(N) =0 is called a null set. If a certain property involving the points of
a measure space holds true except for a null set, we say the property holds almost everywhere
(we write a.e., which, depending on the context, sometimes means “almost every”). We also use

the word essential to indicate that a property holds a.e. (e.g., “essential bijection”).

Definition 0.1.4. The o-algebra generated by a collection A of subsets of X, also denoted by

o(Ap), is the smallest o-algebra containing Ay, i.e.

o(Ag) = N A.

A is a g-algebra with A49C.A

Given two measurable spaces (X1,.41) and (X3, .A2), the o-algebra generated by the products
of subsets of X1 and X», i.e.,

Al ® Ay = J({Al X Ay : A1 € Al,AQ € AQ})

is called the product o-algebra .
Analogously we can define the algebra of subsets of X generated by some collection of subsets
of X.

Theorem 0.1.5 (Hahn—Kolmogorov extension theorem). Let X be a set, Ay an algebra of
subsets of X, and py : A9 — [0,00] a o-additive function. If A is the o-algebra generated by
Ao, there exists a measure p : A — [0,00] such that ,u|A0 = po. If po is o-finite, the extension

18 unique.
This result becomes especially useful if we would like to define measures on sets of sequences.
Definition 0.1.6 (Cylinder). Let A be a o-algebra for £ € N. Let k1 < k2 < ... < k, be

integers and Ay, € Ag,, i =1,...,7. A cylinder set (also called rectangle) is a set of the form

[Akl,...,AkT] = {{l'j}jeN DXy, € Aki, 1< < 7"}.
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Definition 0.1.7. Let (X, A;, i1i), @ € N, be normalized measure spaces. The product measure
space (X, A, i) = [ Lien(Xi, Ai, 1) is defined by

X=1I1% and p([Ak,.. Ax)) = [, (Ak)-
iEN j=1

An analogous definition holds if we replace N by Z, i.e., if X consists of bi-infinite sequences.

One can see that finite unions of cylinders form an algebra of subsets of X. By Theorem 0.1.5
it can be uniquely extended to a measure on A, the smallest o-algebra containing all cylinders.
It is often necessary to approximate measurable sets by sets of some sub-class (e.g., an

algebra) of the given o-algebra :

Theorem 0.1.8. Let (X, A, ) be a probability space, and let Ay be an algebra of subsets of
X generating A. Then, for each ¢ > 0 and each A € A there is some Ay € Ay such that
w(ANAg) <e. Here, EAF :=(E\F)U(F\E) denotes the symmetric difference of E and F.

0.1.2 The monotone class theorem

Definition 0.1.9. As sequence of sets { Ay} is called increasing (resp. decreasing) if Ay C Agy1
(resp. A 2 Apyq) for all k.

The notation Ay 1 A (resp. Ai | A) means that { A} is an increasing (resp. decreasing) sequence
of sets with J, Ax = A (resp. (), Ax = A).

Definition 0.1.10 (Monotone class). Let X be a set. A collection M of subsets of X is a
monotone class if whenever Ay, € M and Ay T A, then A € M.

Theorem 0.1.11 (Monotone Class Theorem). A monotone class which contains an algebra,

also contains the o-algebra generated by this algebra.

Thus, if we show that sets with a certain property form a monotone class, and this class
contains an algebra A of sets, then it contains o(A). For instance, if we can show that two
measures ,v coincide on an algebra, they coincide on the whole o-algebra generated by it.

This holds true because {u = v} is a monotone class.



Chapter 1

Random dynamical systems and

their generators

1.1 Basic definitions

Firstly, we define what we mean by a random dynamical system throughout this lecture. We will
consider systems in discrete and continuous time, one-and two-sided. Hence, in the following we

will always assume that the index set T satisfies
T e {R,RE{,Z,ZE{} .

A random dynamical system on a measurable space (X, B) consists of
(i) a model of the noise on a probability space (2, F,P), formalised as a measurable flow
(0¢)ter of P-preserving transformations 6, : Q — €,
(ii) a model of the dynamics on X perturbed by noise formalised as a cocycle ¢ over .
In technical detail, the definition of a random dynamical system is given as follows:
Definition 1.1.1 (Random dynamical system). Let (2, F,P) be a probability space and (X, B)

be a measurable space.

1. A random dynamical system (RDS) is a pair of mappings (6, ¢) such that the following
holds:

e The (B(T) ® F, F)-measurable mapping 6 : T x Q — Q, (t,w) — Ow, is a metric
dynamical system, i.e.
(i) 0o =id and 045 =0 00 for t,s € T,
(ii) P(A) =P(0;'A) for all A€ F and t € T.

e The (B(T)®F ® B, B)-measurable mapping ¢ : TxQx X — X, (t,w,z) — o(t,w, ),

is a cocycle over 6, i.e., ©(0,w,-) = id and
ot +s,w,-) = p(t, 0w, p(s,w,:)) forallwe Qandt,seT. (1.1.1)

7
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2. If X is a topological space with B = B(X) its Borel o-algebra, and

is continuous for every w € €, the random dynamical system (0, ¢) is called continuous.
3. If X is additionally a smooth, i.e. C*, d-dimensional manifold (e.g. R%), and for each
(t,w) € T x Q the mapping

o(t,w) == p(t,w, ) : X = X, 2+ ¢(t,w, )

is C*, i.e. k-times differentiable in 2 and the derivatives are continuous in (¢, z), the random

dynamical system (6, ) is called C*.

We still speak of a random dynamical system, if its cocycle is only defined in forward time, i.e.,
if the mapping ¢ is only defined on ]RbF x Q2 x X or ZE; x Q x X, while the underlying metric
dynamical system is defined in forward and backward time, i.e., the mappings 6; are defined for

all t € R or t € Z respectively. We will make it noticeable whenever this is the case.

Remark 1.1.2. In the following, the metric dynamical system (6;):cT is often even ergodic,
i.e. any A € F with §;'A = A for all t € T satisfies P(A) € {0, 1}.

Remark 1.1.3. Further, note that the trajectories of the RDS might explode in finite time.
In this case one can consider it as a local random dynamical system (as opposed to the global
random dynamical system from Definition 1.1.1) being defined only for times bounded by some
random explosion times 7~ (w,z) and 71 (w,z). We will consider local RDS in more detail in
the context of Chapter 5.

We state our first theorem on two-sided random dynamical systems.

Theorem 1.1.4. Consider an RDS (0, ¢) on a measurable space (X, B) and two-sided time set
T, i.e., T=R or T =7Z.

(a) For all (t,w) € T x Q, the cocycle p(t,w) is a bimeasurable bijection of (X,B) and,
o(t,w) ™t = (—t,0w) forall (t,w) €T xQ,

or, equivalently,
o(—t,w) = p(t,0_w)"t forall (t,w)e T xQ,

Furthermore, the mapping

(t,w, ) = o(t,w) 'z
18 measurable.

1. If X is a topological space and the RDS is continuous, then for all (t,w) € T x Q we have
that o(t,w) : X — X is a homeomorphism. If
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(a) T=1Z, or
(b) T=R, and X is a compact Hausdorff space,

then additionally (t,z) — ¢(t,w) 1 is continuous for all w € Q.

2. If X is a smooth manifold and the RDS is C*, then for all (t,w) € T x Q we have that
o(t,w) : X — X is a diffeomorphism. Moreover, (t,x) — p(t,w) "tz is C¥ with respect to
x for all w € €.

Proof. See Exercise sheet 1. O

Before we address the question of how such random dynamical systems are generated, we
introduce a distinction that will be highly relevant when we discuss random dynamical systems
in the context of stochastic differential equations. Recall the cocycle property (1.1.1), which in
this form is called the perfect cocycle property. If equation (1.1.1) holds for fixed s € T and all
t € T, P-a.s., where the expectional set Ny with P(Ns) = 0 may depend on s, we call ¢ a crude
cocycle. If equation (1.1.1) holds for fixed s,t € T, P-a.s., where the expectional set N,; with
P(Ns+) = 0 may depend on s,t, we call ¢ a very crude cocycle. The perfection of a very crude

cocycle is easy to observe in discrete time but will require some work in continuous time:

Theorem 1.1.5 (Perfection for discrete time). Let ¢ be a very crude cocycle over 0 with discrete
time T. Then there exists a cocycle i over 6 which is perfect and indistinguishable from ¢, i.e.,
there exists a set N € F with P(N) =0 and

{w : YP(t,w) # p(t,w) for some t € T} C N.

Proof. See Exercise sheet 1. O

1.2 Random dynamical systems from products of random map-
pings

In this section, we focus on random dynamical systems in discrete time T € {Z,Zar}. Since,
typically, the family of measure-preserving transformations (6,,),er consists of iterations of a
map 6 : Q — Q, we adopt the notation (6"),er for this section.

Firstly, we make the following observation:
Proposition 1.2.1. Let (0,¢) be an RDS on X with time T € {Z§,Z}.

1. If T = Zg , we introduce the time-one mapping
Y(w) i =e(lw): X = X, (1.2.1)

and obtain

n=1V)o.--0
sy = [HOT ov), iz, 2
id, n=20.
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The RDS is measurable if and only if (w,x) — ¢ (w)x is measurable. It is continuous/C*
if and only if x — (w)x is continuous/C*. Conversely, given a family of mappings
P(w) : X — X such that (w,x) — (w)x is measurable/continuous/C*, then ¢ defined
by (1.2.2) is the cocycle of a measurable/continuous/C* RDS. We say that ¢ is generated

by .

2. If T =7, we additionally have the time-minus-one mapping
o(—1,0) = o(1,071w) " = (0~ 'w) ! (1.23)
such that Y(w) : X — X is invertible and we obtain

B W) 0+ 0 (w), >,
p(n,w) = {id, n=0, (1.2.4)
Y(O"w) o o0 lw)T n < -1,
The RDS is measurable if and only if

(w,z) = YWz and (w,z) — P(w) (1.2.5)

are measurable. It is continuous/C* if and only if x +— (w)x is a homeomorphism,/diffeo-
morphism of order k. Conversely, given a family of invertible mappings P(w) : X — X
such that the mappings (1.2.5) are measurable/continuous/C*, then o defined by (1.2.4)

is the cocycle of a measurable/continuous/C* RDS.

Proof. Straight-forward application of the cocycle property (1.1.1). O

We can put on record: every one-sided (two-sided) discrete time RDS has the form (1.2.2)
((1.2.4)), also called product of random mappings or iterated function system. Note that we
can write the discrete time cocycle ¢(n,w,z) as the solutions of an initial value problem for a

random difference equation
Tpy1 = P(0"w)xy, n €T, xo =1z € X. (1.2.6)

Consider the following examples:

Example 1.2.2. 1. Linear random dynamical system as product of random matrices: If
X =R? and the RDS is linear, we can write for n > 1

p(n,w) = An-1(w) -+ Ap(w), Ap(w) = A(0*w),

where A : Q — R4 js measurable. Two-sided linear RDS correspond with invertible

measurable families of matrices, giving in addition for n < —1

on,w) = A, (W)™ A (w) 7Y, Ap(w) = A(ka).
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2. Barnsley’s chaos game: Note that one can approximate a Cantor set by randomly switching

between the maps

x 142
T = = T =
on X =1[0,1]. Such a switching between random maps can be formalized as an RDS by

considering the finite set A = {0,1} and the (topological) space of sequences
Q=AY = {w=(w,)% | wn € A}.
Recall that a cylinder set is of the form
Cioyitsin ={w € Q| wp =i, k=0,1,...,n},

for some n € N. Having the two probabilities 1 > p1 = 1 —py > 0, we endow the
measurable space (Q,B(2)) with the infinite product measure P, defined uniquely by its

action on cylinder sets as

P(Cig,iy,...rin) = Pig *** Pin-

The metric dynamical system is given by iterations of the shift map 0 : Q@ — Q defined as
0(wn)neo = (Wnt1)p=o-

The evolution of the system through time is given by applying the map Ty or 11 with
probabilities py or p1, respectively, and this is expressed by the cocycle ¢ : Z(T XX xQ—>X
as

@(O,W’x) =, W(nvwv‘r) =1 O"'Tio('r)’

n—1

where w = (i)72. (See also Exercise sheet 1.)

For discrete-time random dynamical systems with independent increments, we can prove the

following relation to Markov chains:

Theorem 1.2.3. Let ¢ be a measurable cocycle over 8 with time T = ZE)", generated by ¥ (w) such
that the sequence ¥ (0™-) is identically and independently distributed. Then, given any random

variable xq, the orbit (x) given by
Tpy1 = Y(0"w)xy, x9 =2 € X,
18 a time-homogeneous Markov chain on X with transition probability
P(z,B) =P{w : Y(w)x € B} forall B € B. (1.2.7)

Proof. Firstly, note that P(x, B) as defined in (1.2.7) is, indeed, a Markov kernel: P(z,-) is
a probability measure on (X,B) by definition. Furthermore, we observe that P(-,B) is a

measurable map for any B € B, as follows: Introducing ¥ : (w,z) — ¥ (w)r and writing
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A, ={weQ: (w,z) € A} for A € F ® B, we have
P(z,B) =P(A,), A=V"'Bc FoB.
We observe by the monotone class theorem that
A={Ae F® B : P(A,) is measurable in =}

is a o-algebra and, hence, A = F ® B.
Let us denote F,, = o(x{,...,z5;x € X). Since 1p(¢(0™)x) is independent from F,, for

rno

each x € X and B € B, we can deduce by the well-know properties of conditional expectations
that

P(z711 € BlFn) = E[15(4(0"w)zy) | Fn] = E[1p(4(0"w)ay)[27] = P(zy, € Blay).
This shows the Markov property. Moreover, we obtain the time-homogeneity
P(2541 € Blay, =y) = P(w : ¢(0"w)y € B) =P(w : ¢(w)y € B) = P(y, B),

having used the #™-invariance of PP for all n > 1. O

Remark 1.2.4. The reverse direction, i.e., the consruction of a discrete-time random dynamical
system as a composition of independent random maps from a Markov chain with given transition
probabilities, is also possible (see [59, Theorem 1.1]), but, in general, uniqueness cannot be
guaranteed. This has to do with the RDS perspective of providing a description of the n-point
motion, i.e., tracking trajectories with different initial conditions but driven by the same noise,
whereas the Markov chain only describes the 1-point motion. We will discuss this distinction in

more detail later on.

[End of Lecture I, 13.04.]

1.3 Random dynamical systems from random differential equa-

tions

1.4 Random dynamical systems from stochastic differential equa-
tions
Throughout this thesis, we will investigate random dynamical systems induced by stochastic

differential equations. Hence, we are interested in random dynamical systems adapted to a

suitable filtration and of white noise type. Following [47], we make the following definition:

Definition 1.4.1 (White noise RDS). Let (6, ) be a random dynamical system over a prob-
ability space (€, F,P) on a topological space X where ¢ is defined in forward time. Let
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(FL)—co<s<t<oo be a family of sub-c-algebras of F such that
(i) FfcFlforalls <t <wu<w,
(ii) F:is independent from FY for all s <t < u < v,

(iif) 0,1 (FL) = Fid7 forall s <t,r € R,

(iv) o(t, -, x) is Fi-measurable for all t > 0 and z € X.

s < t, and by

F° the smallest sigma-algebra containing all F}*, t < u. Then (6, ) is called a white noise

Furthermore we denote by F!__ the smallest sigma-algebra containing all F¢,

(filtered) random dynamical system.

Consider a stochastic differential equation (SDE)
dX; = f(Xp)dt + g(Xi)dW;, Xo € R?, (1.4.1)

where (W;) denotes some r-dimensional standard Brownian motion, the drift f : R? — R? is a
locally Lipschitz continuous vector field and the diffusion coefficient g : R — R¥*" a Lipschitz
continuous matrix-valued map. If in addition f satisfies a bounded growth condition, as for
example a one-sided Lipschitz condition, then by [37] there is a white noise random dynamical
system (6, ) associated to the diffusion process solving (1.4.1). The probabilistic setting is as
follows: We set 2 = Cy(R,R"), i.e. the space of all continuous functions w : R — R" satisfying
that w(0) = 0 € R". If we endow Q with the compact open topology given by the complete

metric -
- 1w —an - -
= _—— — = t — t
K (w, W) ;1: T+ ool [w =@l sup lw(t) =@ ()],

we can set F = B(Q), the Borel-sigma algebra on (€2, k). There exists a probability mea-
sure P on (2, F) called Wiener measure such that the r processes (W}),..., (W/) defined by
(WHw), ..., W] (w)T := w(t) for w € Q are independent one-dimensional Brownian motions.
Furthermore, we define the sub-o-algebra F! as the o-algebra generated by w(u) — w(v) for
s < v < wu < t. The ergodic metric dynamical system (6;)¢cr on (€2, F,P) is given by the shift
maps

O : Q2= Q, (Bw)(s) =w(s+1t) —w(t).

Indeed, these maps form an ergodic flow preserving the probability P, see e.g. [2].
In chapter 7?7, we are not able to work with a one-sided Lipschitz condition. Instead, we will
use a transformation into a random differential equation to show that the respective stochastic

differential equation induces a random dynamical system.

Multidimensional conversion formula from Stratonovich to It6 integral

Consider the Stratonovich SDE

dX; = F(t, Xt)dt + G(t, Xt) odWy,
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where F' : R? — R? is called the drift of the SDE, G : R¢ — R¥™ the diffusion of the SDE and
W; is an m-dimensional Wiener process. In accordance with [45], the equation has the same
solutions as the It6 SDE

dX; = F(t, Xy)dt + G(t, Xy)dWy,

where

—_

d m
Fi(t, Xy) = Fy(t, X;) — ZZijtXt aG”“(t Xy, i=1,....d.
j=1 k=1 X;

The Fokker—Planck equation

Consider the Ito6 SDE
dXt - F(t, Xt)dt + G(t, Xt)th ;

where F : RY — R? is called the drift of the SDE and G : R? — R4 the diffusion of the SDE
and W, is an m-dimensional Wiener process. The so called Fokker—Planck equation describes the
evolution of the density of the process (X;):>0 under sufficient (classical or Sobolev) regularity
of the coefficients:

82
2)p(, 1)) Z B [P (@ 1p(@. )]

7]_

d
0
- F;

with diffusion tensor

D;j(z,t) Zle (,t)Gjr(x,t).
k=1

1.5 Invariant measures

Let (0, ¢) be a random dynamical system with the cocycle ¢ being defined on one-or two-sided
time T € {Rj,R}. Then the system generates a skew product flow, i.e. a family of maps (0y)seT
from € x X to itself such that for allt € Tand w € Q,z € X

Ot(w, ) = (rw, p(t,w, x)) .

The notion of an invariant measure for the random dynamical system is given via the invariance
with respect to the skew product flow, see e.g. [2, Definition 1.4.1]. We denote by T'u the push
forward of a measure p by a map T, i.e. Tu(-) = u(T~1(-)).

Definition 1.5.1 (Invariant measure). A probability measure p on Q x X is invariant for the

random dynamical system (6, ¢) if
(i) Ou=pforallt €T,

(ii) the marginal of ;x on £ is P, i.e. y can be factorised uniquely into p(dw, dz) = p,(dz)P(dw)

where w +— 1, is a random measure (or disintegration or sample measure) on X, i.e. fi,
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is a probability measure on X for P-a.a. w € Q and w — p,(B) is measurable for all

B € B(X).

The marginal of p on the probability space is demanded to be P since we assume the model
of the noise to be fixed. Note that the invariance of p is equivalent to the invariance of the

random measure w — f,, on the state space X in the sense that
o(t,w, Y w = o, P-as. forallt € T. (1.5.1)

For white noise random dynamical systems (6, ), in particular random dynamical systems
induced by a stochastic differential equation, there is a one-to-one correspondence between
certain invariant random measures and stationary measures of the associated stochastic process,

first observed in [30]. In more detail, we can define a Markov semigroup (P;);>o by setting

Ptf(x) = E(f((p(t, 7$))

for all measurable and bounded functions f : X — R. If w + p, is a FY __-measurable invariant

random measure in the sense of (1.5.1), also called Markov measure, then

p() = Elpua(-)] = /Q o ()P ()

turns out to be an invariant measure for the Markov semigroup (P;);>0, often also called station-
ary measure for the associated process. If p is an invariant measure for the Markov semigroup,
then

fo = lim (¢, 04w, -)p
t—o00

exists P-a.s. and is an FY__-measurable invariant random measure.
We observe similarly to [10] that, in the situation of p and p corresponding in the way

described above,
Elpe ()1 F6°] = Elpw ()] = p() 5

and, hence,
Elu()|F5%] = B x p)(-).

Therefore the probability measure P X p is invariant for (0¢):>0 on (2 x X, F§° x B(X)). In
words, the product measure with marginals P and p is invariant for the random dynamical
system restricted to one-sided path space. We will discuss a similar relation for quasi-stationary

and quasi-ergodic measures in Chapter 5.



Chapter 2

Spectral theories of random

dynamical systems

2.1 Lyapunov exponents and the Multiplicative Ergodic Theo-

rem

Fundamental for stochastic bifurcation theory is Oseledets’ Multiplicative Ergodic Theorem,
which implies the existence of Lyapunov exponents describing stability properties of a differen-
tiable random dynamical system.

The random dynamical system (6, ) is called CF if ¢(t,w,-) € C¥ for all t € T and w € Q,
where again T € {R,RJ}. Let’s assume that X is a smooth d-dimensional manifold and that
(0, ) is C'. The linearisation or derivative Dp(t,w,x) of p(t,w,-) at * € X is a linear map
from the tangent space T} to the tangent space Ty, ). If X = R?, the linearisation is simply

the Jacobian d x d matrix
Do(t,w, x)

Do(t,w,x) = o

Differentiating the equation
ot + s,w,z) = p(t, 0sw, p(s,w, x))
on both sides and applying the chain rule to the right hand side yields
Do(t + s,w,z) = Dp(t, Osw, p(s,w, x))Dp(s,w,x) = Dp(t, Os(w, z))Dp(s,w, x) ,

i.e. the cocycle property of Dy with respect to the skew product flow (0)ser.

Let us now assume that the random dynamical system possesses an invariant measure p. In
case X = RY, this implies that (©,Dy) is a (potentially one-sided) random dynamical system
with linear cocycle Dy over the metric dynamical system (2 x X, F ® B(X), (O¢)ter), see e.g.
[2, Proposition 4.2.1]. Generally, we have that Dy is a linear bundle random dynamical system
on the tangent bundle TX (see [2, Definition 1.9.3, Proposition 4.25]).

16
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In large parts of this work, we will be concerned with a stochastic differential equation in

Stratonovich form

m
dX = fo(Xp)dt + > fi(Xy) 0 AW/ (2.1.1)
i=1
where Wt] are independent real valued Brownian motions, fy is a C! vector field and f1,..., fm

are C? vector fields satisfying bounded growth conditions, as e.g. (global) Lipschitz continuity,
in all derivatives to guarantee the existence of a (global) random dynamical system for ¢ and De.
We write the equation in Stratonovich form when differentiation is concerned as the classical
rules of calculus are preserved. If X = R? we can apply the conversion formula to the Itd
integral (see Appendix 1.4) to obtain the situation of (1.4.1).

According to [6], the derivative Dy(t,w,x) applied to an initial condition vy € T, X = R?

solves uniquely the variational equation
m .
dv =Dfo(p(t,w,z))vdt + Zij(go(t,w,x))v odW/, wv(0)=wvy€T,X. (2.1.2)
j=1

In case the derivative can be written as a matrix, as for example for X = R, the Jacobian

Dy(t,w, x) satisfies Liouville’s equation
¢
det Dp(t,w, x) = exp </ trace D fo(¢(s,w, x))ds
0

+ i/t trace D f;(¢(s,w, x)) o de) (2.1.3)
j=1"0

We summarise the different versions of the Multiplicative Ergodic Theorem for differentiable
random dynamical systems in one-sided and two-sided time in the following theorem [2, Theorem

3.4.1, Theorem 3.4.11, Theorem 4.2.6], containing all the properties we will need in the following.

Theorem 2.1.1 (Multiplicative Ergodic Theorem). (a) Suppose the Ct-random dynamical sys-
tem (0,¢), where ¢ is defined in forward time, has an ergodic invariant measure v and

satisfies the integrability condition

sup In* [Dep(t,w,2)]| € L'(v).
0<t<1

Then there exist a ©-invariant set A C Q x X with v(A) =1, a number 1 < p < d and

real numbers \y > --- > \,, the Lyapunov exponents with respect to v, such that for all
0#£veT,X 2R and (w,x) €A

.1
Mw, z,v) = tglglozlnHDgo(t,w,a:)vH e{ ..., A}
Furthermore, the tangent space T, X =2 R admits a filtration

Rd = Vl(wvl‘) 2 V2(w7$) 22 V}?((’%x) 2 ‘/PJrl(wax) = {0}7



CHAPTER 2. SPECTRAL THEORIES OF RANDOM DYNAMICAL SYSTEMS 18

for all (w,x) € A such that
Mw,z,v) =X <= veViw,x)\Vip1(w,x) forallie{l,...,p}.

In case the derivative can be written as a matriz, we have for all (w,x) € A

1 p
lim : Indet Dp(t,w,z) = Z diNi, (2.1.4)

t—o0 ‘
i=1

where d; is the multiplicity of the Lyapunov exponent \; and Y b_, d; = d.

(b) If the cocycle ¢ is defined in two-sided time and satisfies the above integrability condition

also in backwards time, there exists the Oseledets splitting
RY = Ey(w,2) ® - @ Ep(w, x)

of the tangent space into random subspaces E;(w, x), the Oseledets spaces, for all (w,z) € A.

These have the following properties for all (w,x) € A:

(i) The Oseledets spaces are invariant under the derivative flow, i.e. for allt € R

Do(t,w,z)E;j(w,x) = Ei(0(w,x)),
(ii)

1
ligcn Eln IDo(t,w, z)v|| = A <= v € Ej(w,z)\ {0} foralliec{l,...,p},

t—too

(iii) The dimension equals the multiplicity of the associated Lyapunov exponent, i.e.

dim E;(w, x) = d; .

2.2 The Furstenberg—Khasminskii formula

The standard method for deriving an explicit formula of the largest Lyapunov exponent A; is
given by the Furstenberg-Khasminskii formula which will play a crucial role in Chapters 77
and 5, and also partly in Chapter ??. We give a short introduction based on [52]. For more
detailed discussions we refer to [2, 4].

Consider the linear Stratonovich equation

m
dY; = AgYydt + ) AV, 0dW/, Yy=wveR?, (2.2.1)
j=1
where Ao, ..., A, € R4 and W, ... W™ are independent Wiener processes in two-sided time.

For keeping things simple, we let Ao,..., A, € R%? not depend on an underlying random
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system. Thus, equation (2.2.1) induces a linear cocycle ® over the family of shifts (6;)ier on the
Wiener space 2, as opposed to the previous section where the probability space was €2 x X for
some manifold X and the skew product flow (0;);cT replaced (0;)icr. We will see in the course
of this work that the calculations below are still applicable in such situations.

We introduce the change of variables r, = ||Y;|| and s; = Y;/r, so that s; lies on the unit

sphere S%~1. The stochastic differential equation in polar coordinates is given by

ds; = (Agst — (s, Apse)se) dt + Z(Ajst — (8¢, Ajst)st) o thj ,
j=1

and

drt = <5t7 A0$t>7"t dt + Z<Sta A]'St>7"t © thJ ’
j=1

Since Stratonovich integration obeys the classical chain rule we can write

t m t
Tt = T eXp / (87, Agsy)dr + g / (87, Ajsy) o dWY
0 — /o
j=1

Using the Ito-Stratonovich conversion we obtain

t m mo ot
T =10 exp / ha,(sr) + E ka;(s7)| dr + E /<ST,A]'ST> aw? |, (2.2.2)
0 : : 0
Jj=1 J=1

where

ha(s) = (s, As),

Fa(s) = %((A + A%)s, As) — (s, As)2.

It is well known that the Ito integrals in (2.2.2) are of order (v/t) for large t. Hence, we can

conclude that

1 1

t m
~1/2
Zlnrt = t/o ha,(sr) + j;lmj (s)| dr + Ot 1/?). (2.2.3)

We define
ga(s) = As — (s, As)s for A e R4 s e st

and denote by £(ga,,---,94,,)(s) the Lie algebra generated by these vector fields at s. We
impose the classical Hormander condition on the hypoellpticity of these vector fields driving the
dynamics of sy:

dim £(ga,, - --,94,,)(s) =d—1 forall s € S¥1. (2.2.4)

Note that the objects in Theorem 2.1.1 only depend on w € €2 in our situation. According to [51],
condition 2.2.4 guarantees that the distribution of the Oseledets space F;(w) in Theorem 2.1.1
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(b) possesses a smooth density for any i € {1,...,p}. Therefore any initial point v € R%\ {0}
has almost surely a non-vanishing component in E;(w) (and v € Vj(w) \ Va(w) almost surely in

the situation of Theorem 2.1.1 (a)), and, hence,
o1
A1 = lim —Inr; almost surely.
t—oo t

The hypoellipticity condition (2.2.4) further implies irreducibility of the Markov semigroup in-
duced by (s¢)¢>0 on S9!, and since the unit sphere is a compact manifold, we can conclude that
(s¢)¢>0 possesses a unique stationary probability measure with smooth density p. The density p

solves the stationary Fokker-Planck equation

where

1 m
E 2
'C:gAQ+§ gAj
i=1

is the generator of (s¢)¢>0 in Hérmander notation and £* is the formal adjoint of £. By Birkhoft’s

Ergodic Theorem we observe that

1 I =
lim —Inr, = lim — ha,(sr)+ g ka,;(s7)|dr
0 -
J=1

t—oo t t—oo t

= [ P+ ok (] pls) .
j=1

The Furstenberg—Khasminskii formula for the top Lyapunov exponent is therefore given by
m
AL = / hao(s) + > ka,(s) | p(s)ds. (2.2.5)
§d-1 =1

2.3 Stable and unstable manifolds



Chapter 3

Random attractors

3.1 Basic definitions

Let (6,¢) be a white noise random dynamical system on a metric space (X,d). We give the
definition of a random attractor of (6, ¢) with respect to tempered sets.

A random variable R : Q — R is called tempered if

1
lim — In" R(6;w) =0 for almost all w €
t—+oo ‘t‘

see also [2, p. 164]. A set D € F ® B(X) is called tempered if there exists a tempered random
variable R such that
D(w) C Bp()(0) for almost all w € Q,

where D(w) := {z € X : (w,z) € D}. D is called compact if D(w) C X is compact for almost
all w € Q. Denote by D the set of all compact tempered sets D € F @ B(X). We now define the

notion of a random attractor with respect to D, see also [60, Definition 14.3].

Definition 3.1.1 (Random attractor). A set A € D is called a random attractor (with respect

to D) if the following two properties are satisfied.

(i) A is p-invariant, i.e.

o(t,w)A(w) = A(fiw) for all ¢t > 0 and almost all w € Q2.

(ii) For all D € D, we have
lim dist (o (t, 0—w)D(0—w), A(w)) =0 for almost all w € Q,
t—00

where dist(E, F') := sup,cp infyer d(z, y).

The set A is called a weak random attractor if it satisfies the latter property with almost sure
convergence replaced by convergence in probability. We call A a (weak) random point attractor

if it satisfies the properties above with tempered random sets D replaced by single points y € X

21
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in (ii). A (weak) random point attractor is said to be minimal if it is contained in each (weak)

random point attractor.

Remark 3.1.2. Note that we require that the random attractor is measurable with respect
to F @ B(X), in contrast to a weaker statement normally used in the literature (see also [33,
Remark 4]).

Remark 3.1.3. Property (ii) is sometimes demanded only for compact subsets B C X as
for example in [47]. Note that any random attractor according to our definition is a random

attractor according to this weaker definition.

The existence of random attractors is proved via so-called absorbing sets. A set B € D is

called an absorbing set if for almost all w € ) and any D € D, there exists a T" > 0 such that
o(t,0_4w)D(0_4w) C B(w) forall t >T.

A proof of the following theorem can be found in [48, Theorem 3.5].

Theorem 3.1.4 (Existence of random attractors). Suppose that (6, ) is a continuous random

dynamical system with an absorbing set B. Then there exists a unique random attractor A,

given by
ﬂ U (t,0_w)B(0_yw) for almost all w € Q.
T>0t>T1
Furthermore, w + A(w) is measurable with respect to F°__, i.e. the past of the system.

Remark 3.1.5. Naturally, random attractors are related to invariant probability measures of
a random dynamical system (6, ¢). It follows directly from [31, Proposition 4.5] that, if the
fibres of a random attractor A, i.e. w — A(w), are measurable with respect to F°__, there is an
invariant measure p for (6, ) such that w — p, is measurable with respect to .7-"0 ooy 1-€. 18 &
Markov measure, and satisfies p,(A(w)) = 1 for almost all w € €. In particular, if there exists
a unique invariant probability measure p for the Markov semi-group (P;)s>0, then the invariant
Markov measure, supported on A, is unique by the one-to-one correspondence explained above.

Additionally, if the Markov semi-group is strongly mixing, i.e.

P f(x LN / f(y)p(dy) for all continuous and bounded f: X — R and z € X,

then the set A € F x B(X), given by A(w) = supp pu,, C A(w) for almost all w € €2, is a minimal

weak random point attractor according to [47, Proposition 2.20)].

3.2 Ergodic theory of chaotic random attractors

This chapter is dedicated to shedding more light on the character of the random (point) attractor
A and the invariant random measures f,, supported on the fibres A(w), in case the top Lyapunov

exponent A\ is positive. We have called A a random strange attractor in this situation and refer
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to Figures 7?7 and 77 for getting an idea of the shape of such an attractor. In Figures 77—
7?7 we approximate the support of pu,, for model (??) with high shear intensity b by computing
o(T, 0_7w)p for increasing T', where p is a numerical approximation of the stationary measure p.
In Figure 7?7 we do exactly the same for model (?7). In both cases, we observe one-dimensional
structures that resemble Henon-like attractors.

Hence, a first thing to show is that p, is almost surely not supported on a singleton if
A1 > 0; a fact we have already claimed in Corollary 77. We will follow work by Baxendale
and Stroock [14, 10] extending their results to the non-compact case. This will be the content
of Section 3.2.1 where we show Theorem 3.2.1 which states that positive Lyapunov exponents
imply atomless invariant measures, in particular in the situations of Chapters 7?7 and ?7.

Section 3.2.2 concerns Pesin’s formula, i.e. the equality of metric entropy and the sum of
positive Lyapunov exponents, for model (??) on R? and model (??) on R x S*. The formula was
proven by Ledrappier & Young [69] for discrete-time random dynamical systems generated by
randomly drawn diffeomorphisms on a compact manifold with absolutely continuous stationary
measure. Biskamp [15] has proven the formula for discrete-time random dynamical systems
X+ (R? v), where v is the law of the random diffeomorphisms on R, given a class of Assumptions
(A1)-(A5) and an absolutely continuous stationary (not necessarily ergodic) probability measure

. The formula reads
+ /md _ . +.,.
hy (X (R ,V)) = /Rd El Ai(z)Tmy(x)p(de) ,

where hy, denotes metric entropy and A;(z)™ are the positive Lyapunov exponents with multiplic-
ities m;(x). The section gives an introduction to the concept of entropy for random dynamical
systems, following [15, 59, 73], and links discrete-time systems with random dynamical systems
generated by stochastic differential equations via their time-one maps. This allows to formulate
Theorem 3.2.10 as a direct consequence of [15, Theorem 9.1] stating Pesin’s formula for systems
derived from stochastic differential equations. Finally, we prove Corollary 3.2.11 which says
that the random dynamical system induced by model (??) has positive entropy for large enough
shear or noise respectively, i.e. if A\; > 0. The same would hold true for model (??), once positive
Lyapunov exponents can be established.

Section 3.2.5 introduces the concept of SRB measures for random systems with positive
Lyapunov exponent. In short, the random measures pu, are called SRB measures if they are
absolutely continuous with respect to the Riemannian measure on fibres of unstable manifolds.
Hence, if the p,, can be shown to be SRB measures, their supports are non-singular subsets of the
closures of unstable manifolds, perhaps even equal them. This gives a strong characterisation of
the shapes we observe in Figures 7?7 and ??. Following [69], we formulate Theorem 3.2.17 and
Corollary 3.2.18 implying the SRB property for sample measures of discrete-time systems and
systems induced by stochastic differential equations on compact manifolds, in case the stationary
measure p is absolutely continuous. It is beyond the scope of this work to show the results for

the non-compact case since there are a lot of technical intricacies to be taken care of. We simply
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refer to the intuition that if the maps/flows and their derivatives satisfy uniform bounds, the
results are applicable to the non-compact case.

We concede that, too a large extent, the work presented in this chapter is not original.
However, it is important to embed the results of chapters ?? and ?? into the context of ergodic
theory. Furthermore, we understand this chapter as a contribution to linking the Arnold school,
on which the other chapters are based, to the school represented by Kifer, Ledrappier and Young

that puts more emphasis on smooth ergodic theory.

3.2.1 Positive Lyapunov exponents imply atomless invariant measures

We are extending the statement in [10] about positive Lyapunov exponents implying atomless
invariant random measures to the non-compact setting. Let M be a connected smooth Rie-
mannian manifold of dimension N. Similarly to (2.1.1), we consider the Stratonovich stochastic

differential equation on M

d
dé(z) = Xo(&(x))dt + > Xp(&(x)) o dWF, &) == (3.2.1)
k=1
Here Xy, X1,..., X4 are smooth vector fields on M satisfying a one-sided Lipschitz condition

guaranteeing unique solutions and {Wtk :t > 0},1 < k < d, are independent real valued
Brownian motions on some probability space (€2, F,P). Let further denote X, the natural lifts
of the vector fields X, on M to vector fields on SM, the unit sphere bundle in TM. For v € SM
and u € C([0,00),R%), let ¥(-,v,u) denote the curve in SM satisfying

U(t,v,u) = Xo(U(t,v,u) + > up(t) Xe(U(t,v,u))

with U(0,v,u) = v. Now we demand the following assumption similarly to (2.2.4) which implies
that the generator of (3.2.1) is hypoelliptic and that, if there is a stationary probability measure

p, it is unique and has a smooth density with respect to the Riemannian measure on M:
(A1) (XO, . ,Xd) (v) = T,SM
and {¥(t,v,u) : t >0 and u € C([0,00),R?)} is dense in SM for all v € SM.

Equation (3.2.1) induces a random dynamical system as before where the notations identify
as o(t,-,x) = &(x). Let p be the invariant Markov measure of the RDS, i.e. the invariant
probability measure of the skew product flow corresponding with p, and p,, its disintegrations
to the state space. We denote i = E[pu,, X p,] which is a stationary probability measure for the
two-point motion {(§(z),&(y)) : t > 0} on M x M. The generator of the two-point motion is
denoted by L®. Further, A denominates the diagonal in M x M and we write M = M x M\ A.

Before we can establish the statement about atomless measures, we have to introduce the

moment Lyapunov function A : R — R. It is defined by

.1
A(p) = lim glnEu | D& () (v)P, veTpyM,|v| #0.

t—o00
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If M is compact, Assumption (Al) guarantees that the above limit exists and is independent
from the choice of v. Further A is a convex analytic function of p according to results in [14].
These results are directly applicable to the situation of model (??) since the variational equation
is solely dependent on the angular process which is defined on the compact manifold S'.

We formulate the result in the following theorem. Note that the proof contains a summary
of arguments coming from [14, 10, 58] that cannot be found in such an overview otherwise. The
issues with non-compactness are rather benign and are pointed out at the respective parts of

the argument:

Theorem 3.2.1 (Positive A\; implies atomless p,). Assume that the top Lyapunov exponent
A1 for the random dynamical system induced by (3.2.1) is positive, that the moment Lyapunov
function A exists independently from v € TM, that the system has a stationary measure p and

that (A1) holds. Then
fi (M) =1

or equivalently p,, is atomless almost surely.

Proof. Define the map ® : TM — M x M by

O((z,v)) = (2, expy(v)) ,

where exp, : T,M — M is the exponential map. For the strategy of the proof it is essential
that there exists an injectivity radius dp > 0 such that for any 0 < § < dg, @ is a diffeomorphism
from {(z,v) € TM : 0 < |[v| < 6} onto M := {(x,y) € M? : 0 < d(z,y) < 0} via

(z,0,7) € SM x (0,8) — ®((x,70)) € M.

In the original setting of [14] this follows immediately from compactness. For non-compact
manifolds with positive injectivity radius, as for example the infinite cylinder or R, the result
carries over immediately, as we will see from the following arguments. In case of no positive
injectivity radius being guaranteed, fix ¢ > 0. In order to adapt the proof to this setting, we
start with a compact ball K such that (p x p)(K x K) > 1 —¢/3. Writing K = K x K \ A, we
proceed as in the proof of [10, Remark 4.12].

Observe that A(0) = 0 and A’(0) = A\; > 0. From [14], we further know that A(—N) > 0
and that A is convex. Hence, there is a p < 0 such that A(p) < 0. Denote the injectivity radius
of K by dp. Now, according to [14, Theorem 3.18] there is a § < §p and ¢, € C°(SM x (0,9))
such that

L(2)¢p < A(p)¢p and CrP < ¢ (x,0,7), (2,0,r) € SM x (0,6), (3.2.2)

where C > 0 is some constant. By the coordinate transformation from above, we take V : K >R
to be a smooth non-negative extension of ¢, with smooth compactly supported extension V to
M. Since p, A(p) < 0 we obtain from (3.2.2) that V satisfies

L(Q)V(:n,y) — —oc as d(z,y) = 0,
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and

/A Vd(p x p) < .
M

This allows to apply Khasminskii’s pointwise estimate in the proof of [58, Theorem 3.7] to the
distance of the two-point motion from the diagonal for any (x,y) € K. As the upper bound in
Khasminskii’s estimate [58, (3.54)] does not depend on the initial point (x,y) € K but only on
the distance of the two points, we can integrate over the stationary distribution p x p on M and
conclude that there is a v > 0 such that

DB (6t et ) € B8) 1 R) (0 ¢ ), s < o/

for any ¢t > 0. Observe that by ergodicity

1

| Bttt ) € NN R) ds 25 o x )T\ ) <23

for (p x p)-almost all (z,y) € K2. Since K? is compact, we can conclude that there is a t* > 0
such that for all ¢ > t*

1/; /f(P ((90(8’ 5 @), (s, )) € M\ K) (p x p)(dz,dy) ds < /3.

We define K1 = K2N{(x,y) € M : d(z,y) >~} which is obviously compact. Let {P; : t >0}
denote the Markov semi-group acting on C'(M x M) and {P; : ¢ > 0} the adjoint semi-group
acting on measures on M x M. Observe that by the choice of K and K; and the above it follows
for t > t* that

1 t
t/o /MPSHM\Kl d(p x p)ds

= [ [ B (st € BAAIN K (o x ) s

9

+1/0 [ B (0600 5,00) € ST\ K) (9 % ) ) ds
2e
+ = =¢

3 3

Hence, for t > t* we obtain

1/t I
(/ p;(po)ds) (Kl):/ / P, dpx p)ds > 1—e.
t Jo tJo Jar

Since K1 € M compact, we have shown that the family of probability measures

1 t
{/ Ps*(pxp)dS} ,
t Jo >t
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is uniformly tight on M. Further note that these probability measures are supported on M due
to absolute continuity of p. Hence, by Prokhorov’s Theorem there is a probability measure v on
M and a time sequence {t, }nen such that i Jo" Pi(p x p)ds — v as n — oco. We know from
[10, Proposition 2.6] that P(p X p) converges weakly to i as t — co. So we can conclude that

~

v = i and therefore (M) = 1 as required. O

3.2.2 Pesin’s formula

In this section, we want to investigate what positive Lyapunov exponents imply for the entropy
of the system. We will follow [15, 73, 69, 59] and try to apply their work to situations interesting

for stochastic bifurcation theory.

3.2.3 Entropy for discrete time systems

Firstly, we formulate the statements for R? and random dynamical systems in discrete time
generated by composed maps { frion>0,we (QN,B(Q)N ,I/N)} which will be referred to as
X+ (R?, v). Here, Q denotes the set of two-times differentiable diffeomorphisms on R? with the
topology induced by uniform convergence on compact sets for all derivatives up to order 2. The
maps are i.i.d. with law v, and for a sequence w = (fo(w), f1(w),...) € QN the compositions are

given as

f=id, [l = fa1(w)o fa—a(w) oo fo(w).

Later we will formulate the statements for stochastic flows that are related to discrete time

random dynamical systems via their time-one maps.

Definition 3.2.2 (Stationary measure). A Borel probability measure x4 on R? is called a sta-

tionary measure of X+ (R?, v) if

u) = /Q w (F710)) vldf).

If ¢ is a finite partition of a Lebesgue space (X, B, u) and C, ..., Cy denote the elements of
&, we define the entropy of € with respect to u by

Furthermore, for two partitions & and & we define
EivE={ANB: A€, Beb},
such that elements of \/! (f)~'¢ are of the form

-1
{IEIIEGCjO,fwxGCjU"'ﬂ :)l 'IECjn—l}
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for some (jo,...,Jn—1) sometimes called the address of the orbit.
Following [73] and [15] we define the entropy of a random dynamical system in the following

way:

Definition and Lemma 3.2.3 (Entropy). For any finite partition & of R? and stationary
measure p of XT(R%, v) the limit

n—1
P (XF(R),€) = lim. % /Q H, (\/ <f!3>-1£> N (dw)
k=0

exists. The number by, (XT(R?,v),¢) is called the entropy of X+ (R?, v) with respect to £. The

number

hy, <X+(Rd, y)) = sup hy, (X+(Rd, u),g)

is called the entropy of X+ (R, v).

Consider the product spaces QN x R and Q% x R Since © equipped with the uniform
topology on compact sets is a separable Banach space, the product o-algebras B(Q)N @ B(R)
and B(Q)% @ B(RY) satisfy

BN ® B(RY) = B(ON x RY)
B(Q)% @ B(RY) = B(QZ x RY).

We denote the left shift operator on QY and QZ by 7, i.e.

fa(Tw) = frs1(w)

for all w € QN n € N and w € Q%, n € Z respectively, and the associated skew product systems
by

F:ONxRT— ON xR, (w,z) = (1w, fo(w)z),

G: QxR = QE xRY, (w,z) = (Tw, fo(w)z).
First recall the following classical result which we already mentioned in Chapter 1 for continuous

time systems.

Proposition 3.2.4. Let i be a probability measure on R?. Then p is a stationary measure for

XH(RL ) iff vN x p is an invariant measure for the one-sided skew product system F.
Proof. See for example [59, Lemma 1.2.3]. O

Furthermore, we have the following proposition which associates the invariant probability

measure v x 1 on QY x R? to an invariant probability measure p* on Q% x R
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Proposition 3.2.5. For every stationary probability measure p of X+t(R, v) there exists a
unique Borel probability measure p* on Q% x R such that Gu* = p* and Pu* = vN x p, where

P denotes the projection to the measures on QN x RY.
Proof. See [73, Proposition 1.1.2]. O

Hence, we have established a relationship between the one-sided and two-sided time system
with respect to their invariant measures. We can also establish a relation in terms of entropy; for
that we need to study conditional entropies with respect to the appropriate o-algebras and their
generating partitions. We define the following o-algebras with their corresponding generating

partitions. For QN x R% we have
o0 = {Fde : FGB(QN)} ;& oi={{w} xR?: we oV},

and for 0% x R? we define

o {(H:Q>xrxmres<ng>}
§+:_{(119> () B e (1019)}

:{r'de : r'eB(QZ)}, ¢ = {{w} xR? : we 0}

and

Generally, for a probability space (X, B, i), a o-algebra A C B and a measurable partition ¢ of

X we define the corresponding conditional entropy as

H(Q1A4) = = [ 37 €14 I p(C1A) di

ceC
Following [59, 73, Section 0.4 and Section 0.5], we obtain:

Definition and Lemma 3.2.6. Consider a measure-preserving transformation 7' : X — X
and a o-algebra A C B with T-'A Cc A. Then for any measurable partition ¢ of X with
H,(¢|A) < oo the limit

n—1
W (T, C) = lim %HM (\/ deA)

exists. The number h,’j‘(T, () is called the A-conditional entropy of T with respect to . The
number

A e A
hu (T) T S%p hu (Ta C)
is called the A-entropy of T

We are now ready to state the very important theorem about the equality of entropy of the
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random dynamical system and the conditional entropies of the skew product systems, condi-

tioned on the o-algebras introduced above.

Theorem 3.2.7. Let pu be a stationary probability measure of X+ (R% v). Then the following
equalities hold for the entropy of XT(R%, v) and the conditional entropies of the skew product
systems:

hy, <X+(Rd, ,,)> — 1% (F)=h3t (G) = 3. (G).

vNxp

Proof. See [73, Proposition 1.2.2 and 1.2.3] O

One can define the entropies conditioned on the o-algebras og,c™ and ¢ also via the cor-
responding generating partitions &y, and &. For details we refer to [15, Section 2. It is
important to state the relation between the o-algebras and the associated partitions, since this
is the key to proving Pesin’s formula. It is also crucial for making the following observation: We

can define .
hy(fuw,€) == lim lHM <\/(ff)1C> )

n—oo N
k=0

in case the limit exists. Then according to [69, Proposition 2.1.2] we have for every partition
with H,(¢) < oo that for almost all w € Q%

hﬂ(fw,C) = hz* (Ga 5) )
where ¢ = {Q% x A : A € ¢}. In particular, we obtain

sgph“(fw,C) = hy- (G) .

Summarising, we observe that averaged, conditioned and fibrewise entropy in the ways defined
above are all the same quantity.

Furthermore, we recall Oseledets’ Multiplicative Ergodic Theorem 2.1.1 and apply it to
(G, p*) without p* being necessarily ergodic, following [69, Section 2.2]. There is an Oseledets
splitting

ToM = Ey(w,z) @ @ Epyz)(w, )

such that for p*-a.e. (w,x)
1
le —In|DfE|| = +Xi(w,z) if 0#v € Eij(w, ). (3.2.3)
n—oo n

The maps (w,z) — p(w,z), A\i(w, z),dim E;(w, x) are measurable and constant along orbits of

G. In fact, there are functions p, \;,d; : M — R such that for u*-a.e. (w,z)
p(w,z) = p(x), \i(w,z) = A\i(x) and dim E;(w,z) = d;,

where d; is the multiplicity of A;. As before, if u* is ergodic, these functions are constant, i.e. the

z-dependence vanishes.
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In [15] we find five integrability assumptions which we denote by (A1l)-(A5). It is not
necessary for our purposes to list these here specifically as the assumptions are satisfied for
sufficiently regular stochastic flows anyway. The theorem confirming Pesin’s formula in this

setting reads as follows:

Theorem 3.2.8 (Pesin’s formula). Let X7 (R%, v) be a random dynamical system which has an

absolutely continuous stationary probability measure p and satisfies (A1)-(A5). Then we have

hy, (X+ (RY, v / Z)\ Yu(de), (3.2.4)
Rd

where \i(z)T are the positive Lyapunov exponents and m;(x) their multiplicities.

Proof. See [15]. O

3.2.4 Entropy for stochastic flows

We now make this result applicable to random dynamical systems induced by stochastic differ-
ential equations. In [15] the results are stated for general stochastic differential equations driven
by semimartingales. Since all our models work with Brownian motion and time-independent
vector fields, we transfer the general statements into this particular setting.
Consider the I1to SDE
dX; = F(Xy)dt + G(X)dWy, (3.2.5)

where F : R - R? and G : R? — R¥™ are the drift and diffusion coefficients of the SDE and
Wy is an m-dimensional Wiener process on the canonical filtered probability space of continuous
paths (Q, F, (ft)tZO,P) as introduced in Chapter 1. We further define the diffusion tensor

x) = ZGik(a:)G k(z
k=1

Note that for the models in Chapter 7?7 and 7?7 Stratonovich and It6 noise are the same. In
general, one has to account for the It6-Stratonovich correction if one wants to relate the following
results to results stated in Stratonovich form.

Assume that the entries of the diffusion matrix D and the drift F' are in Clo -

k>1,0 <6 <1 and satisfy a typical linear growth condition such that the SDE induces a C*

random dynamical system (6, ) in the sense of Chapter 1. We relate the system to a stochastic

for some

flow of C* diffeomorphisms in the sense of [63] by defining the maps
¢RI xRI x QxR 5 RY @ 4(@, ) = ot — 8,050, 2).

By this definition @, +(@, ) is a C* diffeomorphism for each s, > 0 and @ € Q.
We can associate the stochastic flow ¢ with the probability space (Q F, I@’) where

Q= Cy (R, C(Rd,Rd)) = {f : R — C(R% RY) : f is continuous and f(0) = 0}
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is equipped with the topology of uniform convergence on compact sets and F = B(Q) The
measure P is defined by P(0(0) = Id) = 1 and the property that for all n > 0,0 < t; < ty <
- < t, and all B € B(C(R?,R%))®" we have

P ((&(t),@(t2) ow(t1) ™, ..., @(ty) 0o @(tn—1)"") € B)
=P ((¢t07t1’¢t1,t27 cees @tn_l,tn) S B) .

Now let k > 2 and define © as above as the space of C? diffeomorphisms equipped with the

uniform topology on compact sets. In this case, the measure
v()=P{weQ :¢o1(@,) €} (3.2.6)
n (2,B(€)) and the random diffeomorphisms
Jolw) =w(1) = o (@,) = »(1,&,) (3.2.7)
generate, as before, a random dynamical system in discrete time
X+ (RY,v) = {fj; ‘n>0,we (QN,B(Q)N,VN>} .
Observe that the measure y is stationary for this system if for any set A € B(R?)

H(A) = /Q i (B0 (@)1 (A)) B(dw).

Let P(t,x,-) denote the transition probabilities associated to the stochastic differential equation.

Then we make the following observation:

Lemma 3.2.9. Any invariant probability measure p for the Markov semi-group associated to
the stochastic differential equation (3.2.5) is stationary for the induced discrete time system
AT (R, v).

Proof. For all A € B(R%) we have with Fubini that
p(A) —/ P(1,z,A) p(dz) /Rd/ 14(Po1(w,z)) P(dw)p(dz)
= [ [ 1@ a)) pde)@o) = [ p((G0a@ )7 (4) Pld),

which shows the claim. O

According to [63, Section 4.1], if D and F are C’{Z’f for some £k > 1 and 0 < 6 <1 and the

correction term

(1) = 3 2P ) (3.2.8)

is also C’llf)’g, then the backward flow {¢; s : 0 < s <t < oo} is also C’i’g
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Using the relations between stochastic flows, continuous-time random dynamical systems
and discrete time random dynamical systems as explained above, we can now formulate Pesin’s

formula for random dynamical systems induced by stochastic differential equations:

Theorem 3.2.10 (Pesin’s formula for SDEs). Let (0, ¢) be a random dynamical system induced
by a stochastic differential equation with diffusion matrix D, drift F' and correction term c,
as gwen in (3.2.8), all being C’{Z’g for some k > 2. Let further be p an absolutely continuous

stationary probability measure satisfying
/Rd(ln(a:| +1)V2 p(dz) < 0. (3.2.9)

Then the discrete time random dynamical system X T (R, v) associated with (0, ) satisfies (A1)-
(A5) and, hence,

(A7 @) = [ SN mie)old)
holds.

Proof. A direct consequence of [15, Theorem 9.1]. O

We are now in the situation to apply this result to the models we have discussed in the

previous chapters and obtain a more profound notion of chaos.

Corollary 3.2.11. Let X = R x S and XT(X,v) denote the discrete-time random dynami-
cal system induced by model (7?7) in the way explained above. Let further be p the stationary
probability measure for the SDE (??) and f be chosen as in (??). If o > oo(a,b), then the

measure-theoretic entropy of X+ (X,v) is positive, i.e.
hp (X+(X, 1/)) >0.

Proof. The whole proof of Theorem 3.2.10 carries obviously over to X c R?. Condition 3.2.9
is satisfied due to the same considerations as in Section ??7 concerning the boundedness by the
Ornstein-Uhlenbeck process, i.e. the exponential decay of p in the amplitude.

The drift is smooth. The diffusion matrix D is given by

1
p=(""),

and therefore ¢(z,t) = 0 for all z, t. Hence, all the conditions of Theorem 3.2.10 are satisfied. We
further have for p-almost all z, P-almost all @ and vN-almost all w that for all 0 # v € X\ Va(@, x)

.1 1 _
M = lim || Do f (2ol = lim —{[De(n, @, 2)v]| > 0

according to Theorem ??7. Hence, the claim follows. O
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Remark 3.2.12. Since p is ergodic and A; is the only positive exponent, we actually have that
hy (XT(X,v)) = Ay

In other words, the entropy of the random dynamical system is identical to the first Lyapunov

exponent.

Remark 3.2.13. The analogous corollary can obviously be stated for system (??) once Con-

jecture 77 is shown. The conditions of Theorem 3.2.10 are easily satisfied in this case.

3.2.5 SRB measures

Another more profound notion of chaos could be given by showing the SRB-property of the
random measures p,,, which are the disintegrations of an invariant probability measure p* for
the two-sided skew product system, i.e. p*(dz,dw) = p,(dz)r%(dw). Let’s assume we are in
exactly the same setting of a discrete time random dynamical system as above with the only
difference that the state space is a compact smooth manifold M, calling such a system X+ (M, v),
generated by C? diffeomorphisms and a law v. Let the sample measures i, be associated with a
stationary measure p in the sense of Proposition 3.2.5 and write F;(w, z) for the Oseledets spaces
corresponding with the Lyapunov exponents \;(z). We follow [69] for the following definitions

and results.

Definition 3.2.14. Let (w,z) € Q% x M be s.t. Ai(x) > 0 for some i. Then the unstable

manifold and the stable manifold of the skew product flow G at (w,z) are given by

1
W w,z) = {y € M : limsup — Ind(f, "z, f;"y) < 0} ,

n—oo TN

1

Wé(w,z) = {y eM : limsupﬁlnd(fﬁx,fgy) < 0} )
n—o0

At p*-ae. (w,x) with A\;(z) > 0 for some i, W*(w, x) is a (ZAPO dim E;(w, x))-dimensional

C? immersed submanifold of M. We set W"(w, z) = {z} if A\;(x) < 0 for all 3. If  is a partition

of Q% x M, n,, denotes the restriction of 7 to the fibre {w} x M which is a partition of M. We

write n,,(z) for the element of 7, that contains z.

Definition 3.2.15. A measurable partition  of Q% x M is called subordinate to W if for
pr-ace. (w,x), ny(zr) C W*(w,z) and contains an open neighbourhood of z in W*(w, ), this

neighbourhood being taken in the submanifold topology of W*(w, z).

Identifying o-algebras with their generating partitions, recall that o is the partition of Q% x M

into sets of the form {w} x M. If n is a partition subordinate to W, u* disintegrates into a
system of conditional measures on elements of n V o, denoted by { ;[(kz\g} For p*-a.e. (w,z) we

?Z\;g = (pw)#”. Finally let Apyu(y, ) denote the Riemannian measure on

have the identification p
W(w, ).



CHAPTER 3. RANDOM ATTRACTORS 35

Definition 3.2.16 (SRB measures). The sample measures p,, are called SRB measures or
absolutely continuous conditional measures on W*-manifolds if for every measurable partition

1 subordinate to W*, “ZZ\S is absolutely continuous with respect to Ayru(, ) for p*-a.e. (w, ).
Ledrappier & Young [69] can then prove the following statement.

Theorem 3.2.17. Suppose the stationary measure pi of the random dynamical system X (M, v)
18 absolutely continuous with respect to the Lebesgue measure and A1 > 0. Then the sample

measures [, are SRB measures.

Similarly to before, we can then formulate the following corollary for stochastic differential
equations. As usual for the manifold case, we use the Stratonovich integral due to its classical

properties in terms of the chain rule:

Corollary 3.2.18. Let (0,¢) be a random dynamical system induced by a stochastic differen-
tial equation of type 3.2.1 with C? coefficients and stationary absolutely continuous probability
distribution p on a compact manifold M. Let further \y > 0 and [i be the invariant probability

measure of (0,p) corresponding to p. Then the sample measures fig are SRB measures.

Proof. By Lemma 3.2.9, p is stationary for the induced discrete time system X*(M,v). Then
the claim follows immediately from Theorem 3.2.17 if we can show that [ig are the disintegrations
p, of the invariant measure p* of X+ (M, v) associated to p. According to [69, Proposition 1.2.3],

the probability measures u,, are given by

U = le Jron,p for viae. w.
n [e.e]

However, identifying w and @ via relation (3.2.7) we have seen in Section 1.5 that fig satisfies

fio = lim ¢(n,0_n,-)p= lim f, p for viae w.
n—oo n—oo

Hence, the claim follows. O

We would like to apply this theorem to our setting and generally extend it to the non-
compact case. Heuristically, this isn’t a problem at all for dissipative systems with compact
random attractors as for example models (??) and (??). However, the proof of Theorem 3.2.17
is technically very involved and makes a lot of references to the deterministic case [66, 67].
Hence, a rigorous proof analogous to [69] would require a complete own chapter. Checkroun
et al. [26, Appendix] state a Theorem analogous to Corollary 3.2.18 for stochastic differential
equations on R? with global random attractors, also based on the results in [69]. However, they
do not give a rigorous proof accounting for the non-compactness of the state space either.

Ignoring the mentioned technical intricacies, the picture is as follows. The chaotic random
(point) attractors A, as depicted in Figures 7?7 and 7?7 are the support of the sample measures
e and thereby non-singular subsets (maybe the same) of (as) the closures of the unstable
manifolds W*"(w, z) for all € A,. The measures f, are absolutely continuous with respect to

Lebesgue measure on W*(w, z) which indicates chaotic motion on the attractor A,,,.
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O'f,(’l9)82 — slaf’(ﬁ)slsg OdWl
—s90 f'(19)s182 b

Following Section 2.2 we use the It6-Stratonovich formula to observe similarly to (2.2.3) that

%lnrt = 1/(: [ha(sy) + kp(s:)] dr + O@t~Y?), (3.2.10)

where the functions h4 and kp are given by

ha(s) = (s, As) = —as? + bsysy,

Fnls) = 5 (B+ B, Bs) — (s, Bs)? = 50> f/(90)°3 — 0 (9)*s}53.

The Furstenberg—Khasminskii formula for the top Lyapunov exponent (see chapter 1) is given

by
A1 = /R/[O’” /Sl(hA(s) + kp(s)) p(ds,dv, dy), (3.2.11)

where p is the joint invariant measure for the diffusion s on the unit circle and the processes 9 and
y induced by (??). Similarly to the calculations in [52], we change variables to s = (cos ¢, sin ¢).
Note that the functions h4 and kp are m-periodic, which implies that the formula (3.2.11) for

the top Lyapunov exponent reads as
)\1:/ <—a(:082d>+bcosd>sind)
Rx[0,1]x[0,7]
1
+ 5a2f’(19)2 sin? ¢(1 — 2 cos? ¢)>ﬁ(d¢, dv, dy), (3.2.12)

where p denotes the corresponding image measure of p. The SDE determining the dynamics of
¢ € [0,7) reads as

do = _siiqﬁdsl = (acos ¢psin g + b cos? ¢)dt — o f'(9) sin? ¢o thl , (3.2.13)
where we denote
c(¢,9) = of'(9)sin’ ¢ and d(¢) = acospsing +bcos? ¢. (3.2.14)

The integrand in (3.2.10) and thereby in (3.2.12) only depends on ¢ and not on ¥ and y if f’()?
is constant, and in addition to that, the dependence on ¥ in the Fokker—Planck equation for ¢,
is restricted to f’(99)%. This means that the calculation of A\; becomes much simpler if f/(19)? is

constant, an observation that we exploit in the following.
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3.2.6 Explicit formula for the top Lyapunov exponent

We continue the analysis of the top Lyapunov exponent under the assumption that f : [0,1] — R
is given by (??). Importantly, f/(19)? is constant in this special case and our results hold in fact
for every continuous and piecewise linear f with constant absolute value of the derivative almost
everywhere.

The map is not differentiable at % and 0, and we verify that does not cause any problems.

We need the following results to justify the variational equation defining D¢:

Lemma 3.2.19. Let W : Rg x 2 — R denote the canonical real-valued Wiener process, and
let X : ]RE)" x  — [0,1] be a stochastic process adapted to the natural filtration of the Wiener

process. Furthermore, suppose there exists a measurable set A C [0,1] such that
P({w e f(f Lix,cay du= O}) =1 forallt>0, (3.2.15)

i.e. A is visited only on a measure zero set with full probability. Consider a measurable function
g:10,1] — [0,1] such that g =0 on [0,1]\ A. Then

t
/ 9(Xy)dW,, =0 almost surely for allt > 0.
0

Proof. The statement follows directly from It6’s isometry

E [( /0 tg(Xu>qu> —E [ /0 tg(Xu>2du]

t
=E [/0 (g(Xu)Q]I{XueA} + Q(Xu)Qﬂ{Xue[071]\A}) du} =0,

2

where the last equality follows immediately from (3.2.15) and ¢ = 0 on [0,1] \ A. We conclude
2

t
(/ g(Xu)qu) =0 almost surely
0

due to nonnegativity, and the claim follows. O

Proposition 3.2.20. Let f' denote the weak derivative of f as given by (??). Then the choice of
representative of f' by determining f’(%) and f'(0) does not affect the solution to the variational

equation (?7).
Proof. First, we show that

P({weQ: [y Igp,—1/2) du=0}) =1 forallt>0

by assuming the contrary to obtain a contradiction. As 1} is a continuously differentiable process,
this implies that ¥, = % for u € [t*, t*+¢] for some t* € (0,¢) and £ > 0 with positive probability.
This leads to y(u) = —% mod 1 for u € (t*,t* + ) with positive probability. However, this
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implies that the continuous process y,, for u € (t*,t* + ) given by
dy = —aydu + o dW,,

is constant with positive probability. This contradicts its definition as an Ornstein—Uhlenbeck
process. The same reasoning obviously holds for § = 0.
Let f{ = f5= f on (0,1)\ {3} and assign arbitrary values at 3 and 0. Define

- (9

dv = @ 0 vdt 4 0 ofiV) vodW}!,
b 0 0 0

dw=|"“ 0 wdt + 0 oh(¥) wodW}.
b 0 0 0

We apply Lemma 3.2.19 by choosing X,, = ¥, and ¢(9,) = f1(9,) — f5(¥,) to conclude that

t ¢
/ f1(9y) dW,, = / f5(9y)dW,,  almost surely.
0 0

As we do not have an It6—Stratonovich correction in this case, we can infer that v; = w; almost
surely for all ¢ > 0. 0

We view [’ in the weak sense, disregarding the points % and 0, and we define f/'(9) =
sign(3 — o), where
1 ifx >0,

-1 ifz<0.

sign(x) =

By Proposition 3.2.20, Dy(t,w, z) does not depend on the choice of f’(%), so the variational

equation (??) becomes

—a 0 0 o sign(l— v
do— [0 ) pay (O oSt TV oy (3.2.16)
b0 0 0

We derive the following formula for the first Lyapunov exponent in this case:

Proposition 3.2.21. The top Lyapunov exponent of system (?7) with f as defined in (?7) is
given by

M= /0 " g(@)p(6) do, (3.2.17)

where q(¢) == —acos? ¢ + bcos ¢sin ¢ + %02(1 — 2cos? ¢) sin? ¢, and p(¢) is the solution of the
stationary Fokker—Planck equation L*p = 0. L* is the formal L?-adjoint of the generator L,

which is given by

£a(0) = (406) + 30)7(0)) 416) + 32" (0). (3215)

where d = d(¢) is defined as in (3.2.14), and &(¢) := o sin® ¢.
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Proof. Note that in our special case, the function ¢ from (3.2.14) reads as
c(¢p, ) = Jsign(% — ) sin? ¢,

which implies that both ¢(¢,9)c(¢,1) and c(¢,9) do not depend on ¥ and read as é¢ and &2,
respectively. Consider the SDE for the process ¢(t) in Ité form

d¢ = T(¢)dt + C(qba ﬁ)th )
where

1(6) = d(6) + 5e(6,9)¢ (6,0) = d(9) + 5E) (9).

As the coefficients of the SDE are smooth in ¢, we consider the kinetic equation for the proba-
bility density function of the process ¢(t) (cf. [86])

n TL

=y S . ont. o).

n=1

where

an(i,1) = lim CE[(8(t 4+ Af) — 6())"|6() =] for all n e N

Pick At small, denote AW; = W (t+A)—W (t) and recall that E[AW;] = 0 and E[(AW})?] = At.
Observe that
¢t + At) — o(t) = r(d(t)) At + c(¢(t), (1)) AW; + o(At)

and

(Bt + At) — 6(1)* = r*(6(1)) (AL)* + A (B(t), 9(t)) (AW;)?
+ 20 (6(1))e(B(t), D(L)) AW, At + o( At) .

—~

Since AW, is independent from ¢(¢) and J(t), we obtain that

a1(h,t) =r(¥) and as(ih,t) = ().

We can see immediately from above that a,(¢,t) = 0 for n > 3. This proves (3.2.18), and
(3.2.17) follows from (3.2.12). O

In this case, the stationary Fokker—Planck equation reduces to a linear nonautonomous

ordinary differential equation for p = p(¢) defined on [0, 7) with periodic boundary conditions:

L) & (a+ Ler) p =
5CP 5CC |p=r,

where the constant s has to be determined from the boundary and the normalization condition.
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The ordinary differential equations is given in explicit form as

, <2d<¢> é’<¢>)p L2

&(g)  eo) &(9)
B a 1 _1 i 1 o, (o) 2K
= <2U281n2¢tan ¢+2027Sm2¢tan ¢ 5(¢>)>p+ 2(0) .

The solution of this equation follows from the variation of constants formula, and is given by

G(9) I mmam W

P) = == ,r : 3.2.19
7 Js €(9) I3 =mam Wdé 219
where ) 5
G(¢p) = E(lgb)eXp <—02 [oztan_2 ¢+ gbtam_3 gb]) .

The derivation of a closed formula for A\; and Ay using (3.2.19) for the stationary density of the
process ¢ closely follows Imkeller and Lederer [52]. It can also be seen as a special case of the

more general formulas obtained in [53].

Theorem 3.2.22 (Formula for A\; and A2). Consider the stochastic differential equation (77),

where the function f is of the form (?7). Then the two Lyapunov exponents are given by

a b20_2 [oe]

M(a,b0) =——=+ —— vV Mg pa(v)do, (3.2.20)
2" 2 J, 2
b2 2 00
Aa(a, b, o) = —% - 2”/ U Mepalv)dv. (3.2.21)
0

where

B % exp (—"?4 v3 + %21))
a fooiex (—U4b4u3+°‘—2u) du
0 JaXP 6 2

Proof. We define the function g : [0,¢) — R U {co} by

Mep.a(V) (3.2.22)

g(¢) := —Insing for all ¢ € (0,7),

and apply this function formally to the generator as given in (3.2.18):

Lg(¢) = (acospsing + bcos? ¢ 4 o2 sin® ¢ cos ¢) (— tan~! @) + 302 sin? ¢sir112 3
= —btan"' ¢ + q(¢).

This can be made precise by choosing suitable C*°-functions to approximate g. Observe that

O:/ gC*pqu:/ [,gpdgb:/ (—btan_1+q)pdqb,
0 0 0
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and we conclude that

h=b [t @)oo,

Working with expression (3.2.19), we conduct a change of variables s = tan~! ¢ and t = tan=! 1)
which leads to

f [° sexp(— U% [a(s? — %) + 2b(s® — £3)]) dtds

M=V ST e (= [l — ) + 207 — )]) deds

(3.2.23)

We introduce a new variable u = s — ¢, which implies that u € (0,00). We observe

2 2
as® — afs —u)? + gbs?’ — §b(8 —u)

2
3 = —au? + 2asu + 2bus® — 2bu’s + gbu3

u—a/b\? b 5 1 a?
:2 _ —_— —_ - _
bu(s 5 > +6u 2ub

Using this expression, we modify (3.2.23) and obtain

fo f, S exp ( 3.” <S - u—;/b>2> dsexp (—&%u?’ + % Lb) du
fo f, exp ( %'b; (8 — “‘5‘/”)2) dsexp (—#qﬁ + %u%) du
f°° Ll e (— o + Juty ) du

f exp( 632“’3 + ua%) du
a b¥o? fooo \%U exp (—%03 + %Qv) dv

2 2 0 \1[ exp ( b4v3 + %21)) dv

AL =

where we have done another change of variables v = u/(bo?) in the last equality, and we used

well-known properties of the normal distribution. Hence, we write

a b2
)\1 = _§+? 0 Um0—7b’a(’(}) dv,
where myp o(v) is given as in (3.2.22). From Proposition 7?7, we obtain that A\ + A2 = —a, and
this means that 5 o
a bo
A2 = 5T o ; v ma,b,a( )dv

This finishes the proof of this theorem. ]
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Topological conjugacies and

bifurcations
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Chapter 5

Local RDS, quasi-stationary

dynamics and bifurcations

Note that model (??) operates with unbounded white noise whereas the nature of the determin-
istic Hopf bifurcation is local, in the sense that the bifurcation happens in a neighbourhood of
the origin and o = 0. The same problem holds for the typical example of stochastic pitchfork
bifurcation where the drift f, is given as the derivative of a potential V,, i.e.

L 4

fa(z) = —0:Va(x), with V, = —%xQ + VGl (5.0.1)

Without noise, the bifurcation implies a change of the attractor from {0} for a < 0 to [—v/a, /]
for @ > 0. Recall that the bifurcation is ”destroyed” in the presence of noise in the sense that
the random attractor is a random equilibrium for all o > 0,a € R [32]. The white noise lets
the system explore the whole state space and the global stability results in a negative Lyapunov
exponent. Local finite-time instabilities can be captured by the dichotomy spectrum ¥ which
is given by ¥, = [—00, ] for all @ € R. However, the dichotomy spectrum is generally not as
directly interpretable as the sign of a Lyapunov exponent and still contains a measure of global
stability by covering R, . The question is what kind of analysis can most accurately describe a
local stochastic bifurcation, in particular if the system does not exhibit global stability outside
a critical neighbourhood. If the system is not in normal form, such a problem naturally arises
for pitchfork as well as Hopf bifurcations.

We tackle this problem by embedding stochastic bifurcation theory into the context of
Markov processes that induce a random dynamical system and are absorbed at the bound-
ary of a domain. The process is said to be killed when it hits the trap and it is assumed that
this happens almost surely at a finite hitting time 7. We investigate the asymptotic dynamics of
surviving trajectories. Due to the loss of mass by absorption at the boundary, the existence of a
stationary distribution is impossible and, therefore, stationarity is replaced by quasi-stationarity.
A quasi-stationary distribution preserves mass along the process conditioned on survival. Given
a quasi-stationary distribution, one can derive the existence of a quasi-ergodic distribution for

which expectations of time averages conditioned on survival equal the space average with respect

43
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to this distribution. We introduce these concepts and summarise important results, in particular
for stochastic differential equations, following [25, 24, 28, 74|, in Section 5.1.

In Section 5.2, we develop a theory of asymptotic average Lyapunov exponents for systems
absorbed at the boundary of a domain. We mainly focus on stochastic differential equations
with additive noise, i.e.

dXy = f(Xy)dt+odW,, Xo=E(€E,

where f is continuously differentiable and E C R? a bounded domain. Using work by Villemon-
ais, Champagnat, He and others [25, 24, 49], we are able to show Proposition 5.2.3 which says
that the conditioned expectation of the finite-time Lyapunov exponents of a system induced by
such an SDE converges to a real number A. This conditioned average Lyapunov exponent is
given by a Furstenberg-Khasminskii-formula, i.e. the average of a functional with respect to the
quasi-ergodic distribution.

Furthermore, we can show in Theorem 5.2.8 that the finite-time Lyapunov exponents of the
surviving trajectories converge to its assemble average A in probability. Note that this gives A
the strongest possible dynamical meaning in the setting with absorption at the boundary since
convergence almost surely is ruled out by the killing of almost all trajectories. The crucial ingre-
dient for proving Theorem 5.2.8 is Lemma 5.2.7 which shows decay of correlations conditioned
on survival.

Section 5.3 gives negative A a dynamical interpretation. We prove the local synchronisation
Theorem 5.3.1 which says that, if A < 0, there is exponentially fast local synchronisation of
trajectories in discrete time with arbitrarily high probability. We formulate the result for general
differentiable random dynamical systems with killing and observe the implications for additive
noise SDEs as a corollary.

In Section 5.4 we try to relate quasi-stationary and quasi-ergodic measures to sample mea-
sures of the killed random dynamical system. Leaving out the past of the system enables us to
show Propositions 5.4.2 and 5.4.4 which establish a correspondence with conditionally invariant
measures for the associated open system on the skew-product space where the hole is confined
to the state space. In two-sided time it turns out to be unclear how one could relate quasi-
stationary or quasi-ergodic distributions to conditionally invariant measures and in particular
its sample or fibre measures. We discuss some ideas into this direction, as for example the
survival process, but remain sceptical whether this is a feasible endeavour.

We further define the dichotomy spectrum for the situation with killing in Section 77 and
prove in Theorem 77 that the essential supremum and infimum of finite-time Lyapunov expo-
nents converge to the boundary of the dichotomy spectrum. In addition to that, we show that the
dichotomy spectrum consists of a finite number n € {1,...,d} of closed intervals (Theorem 77?),
where d is the dimension of the space.

In Section 77 we consider the examples of pitchfork and Hopf bifurcation with additive noise
and approximate the quasi-ergodic distribution using a finite-difference scheme. We analyse the
change of sign of A\ and the corresponding bifurcation behaviour depending on the bifurcation

parameter and the diameter of the domain. We also determine the dichotomy spectrum for the
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pitchfork problem with killing. Following considerations about the possibility of a Lyapunov
spectrum in Section 5.2 we conduct numerical experiments for the Hopf example that indicate
its existence. However, a proof seems out of reach.

In short, this chapter is structured as follows. Section 5.1 gives an overview over results
concerning killed processes and quasi-stationary distributions which we need in the following.
In Section 5.2 we prove the existence of a characteristic Lyapunov exponent A for killed systems
generated by additive noise SDEs and the fact that finite-time Lyapunov exponents converge to
this quantity in conditioned probability. Section 5.3 discusses local synchronisation results for
negative A and Section 5.4 relates the developed theory of quasi-stationary dynamics to open
systems on the skew product space. In Section 7?7 we transfer important results for exponential
dichotomies of random dynamical systems to the situation with killing. Section ?? discusses the
stochastic pitchfork and Hopf bifurcation in bounded domains with absorbing boundary, using

the stability theory developed in the previous sections.

5.1 Quasi-stationary and quasi-ergodic distributions

5.1.1 General setting

Let (X¢)i>0 be a time-homogeneous Markov process (see e.g. [80, Definition III.1.1]) on a
topological state space E with boundary 0F and Borel o-algebra £ := B(E U OF), where the
process is associated with a family of probabilities (P;)zcr on a filtered space (€2, (Ft)e>0). We
have

P.(Xo=2)=1 forallz € EUOE

and the transition probabilities (Pt)tzo are given by
P(x,A) =P,(X; € A) forallz €e EUJE,Ac&.
The process is further associated with a semi-group of operators (P;);>0 given by
Py f(z) = Ea[f(X3)]

for f € £ :== B(E UJE), the measurable and bounded functions from F U dF to R.
We consider the Markov process to be absorbed at OF, i.e. Xy € OF implies X; = X, for all
t > s. This implies that the random variable

T:=inf{t >0,X; € OF}

is a stopping time and we let Xy = Xp for all ¢ > T. We make two assumptions that cover all

the problems we are interested in: firstly, we assume for all x € F that

T <ooPy—as., (5.1.1)
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which means that almost every trajectory hits the boundary in finite time. Secondly, we demand
that for all z € E and ¢t > 0
P.(T >t)>0, (5.1.2)

i.e. that for any initial condition, the probability of survival until any given time is positive. We
will further mainly consider Markov processes which induce a random dynamical system but we

will specify this later.

Quasi-stationary distributions

For any measure pu on E we will use the notation

PH:/JEP$N<dx>'

Almost every statement in random dynamical system theory requires a stationary measure for

the underlying Markov process (X¢);>0 which is a measure g on E with the property that
Pu(X; € A) = u(A) for all measurable AC E,t>0.

Note that in the situation with trapping at the boundary such a measure cannot exist: assume

there was a stationary measure p. Due to (5.1.1) there is a t*() > 0 such that for all ¢ > ¢*(u)
1> / P (T > t)pu(dz) =P, (Xt € E) = p(E) =1,
E

which is a contradiction. This leads to the following definition.

Definition 5.1.1 (QSD). A quasi-stationary distribution (QSD) is a probability measure v on
FE such that for all ¢ > 0 and all measurable sets B C E

P, (X, € B|T > t) = v(B). (5.1.3)

Without stating any further assumptions, we can make the following well-known observation

[46] about the exponentially distributed killing time of a process started with a QSD wv.

Proposition 5.1.2. If v is a QSD, then there exists a Ag < 0 such that for allt > 0
P, (T > t) = et

that is, starting from v, T is exponentially distributed with parameter A\g. We call Ao the (expo-
nential) survival rate and —\g the (exponential) escape rate associated with the quasi-stationary

distribution.

Proof. We follow [28]: from the definition of a QSD and a classical application of the Monotone-

Class Theorem [80, Theorem I1.3.1], we have for all measurable and bounded observables ¢ :
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E — R that
E,(9(Xe)lrse) = (/ gd,u) P,(T'>t) forallt>0.
E

Choosing g(z) = P4(T > s) for some s > 0 we obtain
E,(Px,(T > s)lysy) =P, (T > s)P,(T' > t) forallt>0.

Using the Markov property and the commutation property of conditional expectations, we de-
duce for all t,; s > 0 that

P (T >t+s) =E,(Irsits) = By (E(Lrsias| Fe) Lrse)
- EV(EXt(]]'T>S)]lT>t) = ]P)V(T > S)PV(T > t) .

Since the equality f(t + s) = f(¢)f(s) is only satisfied by exponential functions, the claim
follows. =

Champagnat and Villemonais [25] have given three equivalent conditions for exponential
convergence to a quasi-stationary distribution. We restrict ourselves to formulating the weakest
assumption among them, denoted by (A’) in the original paper. This condition will turn out to

be satisfied by the stochastic differential equations we are investigating:

Assumption (A) There exists a family of probability measures (Vz, 45)a1 20ck 00 E such that

(A1) there exist tg,c1 > 0 such that for all z1, 29 € E,

]P)a:i(Xto S "T > to) > Clyxhxg(') for i = 1,2;

(A2) there exists ¢ > 0 such that for all z;,29 € F and t > 0,

Py, by (T >1) > cosup Py (T > 1).
’ zeE

We summarise three results from [25] in the following theorem which contains the most relevant
ingredients for our further purposes. Statement (a) guarantees the existence of a QSD with
exponential convergence of initial distributions. Part (b) characterizes the limit of the survival
probability for an initial Dirac distribution at x divided by the survival probability under the
QSD as the value at x of an eigenfunction of the generator £ with eigenvalue Ag from Proposi-
tion 5.1.2. Statement (c) implies \g being the largest non-zero eigenvalue of £ and the existence
of a spectral gap. We sketch the proofs of (b) and (c) as n and A\g will be crucial objects in this
chapter. Note that Champagnat and Villemonais [25] are working in the more general setting
of measurable spaces and therefore without the notion of a boundary. In their case, the role of
the boundary is replaced by a cemetery state {0}. In the proof of the following theorem, we
account for this slight technical difference which does not change anything about the statements

made in this chapter.
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Theorem 5.1.3 (Exponential convergence to QSD and dominant survival rate as eigenvalue of

the generator).

(a) Assumption (A) is equivalent to the existence of a unique quasi-stationary probability mea-

sure v on E and two constants C,~v > 0 such that for all initial distributions p on E
P (Xt €T >t) —v()|lrv < Ce ™ forallt >0, (5.1.4)

where ||P — Q|lrv := supcr |P(A) — Q(A)| denotes the total variation distance for proba-
bility measures. In words: the process starting from any initial distribution p, in particular

=20, for x € E, converges exponentially fast to the QSD.

(b) In the situation of (a), we can define a non-negative function n on EUOE, positive on E

and vanishing on OF, by

L P>

where the convergence holds uniformly in EUOFE and [ndv = 1.

Furthermore, 1 is a bounded eigenfunction of the infinitesimal generator L of the semi-group

(P)eso on (&, - lleo) with eigenvalue Ao, i.e.
Ln = Xon,

where —Ag is the exponential escape rate as in Proposition 5.1.2.

(c) Let Assumption (A) hold and f € € be an eigenfunction of L for an eigenvalue X, being

constant on OFE. Then either

(i) A =0 and f is constant,
(i) or X\=Xo, f= ([ fdv)n and flop =0,
(iii) or X< Xo—~, [ fdv =0 and flor = 0.

Proof. Part (a) is a shortened version of [25, Theorem 2.1].

Part (b) is contained in [25, Proposition 2.3]. Its proof uses the following fact: Let M (FE)
denote the set of probability measures on E. Then it can be shown that Assumption (A) implies
that for any p € My (FE) the constant co(u) defined by

co(p) == inf L‘(T > 1)

5.1.6
>0,0e My (E) P (T > t) ( :

is positive. This implies immediately that n(zx) is positive if it exists. Its existence follows from

showing (by using (a)) that

sup [nes(x) — me(z)| < e ",
erl +s(x) — ()] 0)
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where
P.(T > t)

That 7 is vanishing on OF follows directly from its definition.
The claim in (c) is essentially [25, Corollary 2.4]. Let Lf = \f. By definition of the generator,

we obtain

E.(f(X0) = Pof(x) = N f(x).

When f|spg = ¢ # 0, we observe, by taking z € OF, that A = 0. On the other hand for any
x € E, the left hand side converges to ¢ and therefore f is constant. This shows (i).
Let now f|sg = 0. This entails together with (a) that

Pif(z)  E[f(Xy)]  Eu[f(X)lp(Xy)] t—o0
Plp(z) Pu(X;€E)  E1g(Xy)] = B[ f(X)IT > 1] —*/fd”

uniformly in 2 € E and exponentially fast. To obtain (ii), we first assume that [ fdv # 0. Then
we obtain from (b) and the above that for all x € F

n(x) n(x) Pt]lE

e()\f)\o)tf(x) e*)\ot[Px(T > t) Ptf t—00 /fdl/

This implies that A = X\g and f(z) = ([ fdv)n(z) for all z € E.
We finally assume [ fdv = 0. By definition of ¢o we deduce that for all z € E

vt
Pt]lE

The right hand-side is bounded by (a) and, hence, we obtain v + A + A\g < 0, which shows
(ii). 0
Quasi-ergodic distributions

By a classical application of the Monotone-Class Theorem [80, Theorem I1.3.1], Theorem 5.1.3

implies that for all bounded and measurable functions h : £ — R we have
tlim E.(h(X)|T > t) = / h(y)v(dy) uniformly in z € E. (5.1.7)
— 00 E
However, as we want to study ergodic quantities like Lyapunov exponents, we are interested in
time averages. This motivates the following definition.

Definition 5.1.4 (QED). A probability measure m on E is called quasi-ergodic distribution
(QED) if for all ¢t > 0, every bounded and measurable function h : E — R and every x € F, the

following limit exists and satisfies

: I
tlggloEx (t/o f(Xs)ds

T>t) :/Efdm. (5.1.8)
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The next theorem tells us that in the situation of Theorem 5.1.3 the quasi-ergodic distribution
m exists and is absolutely continuous with respect to the quasi-stationary distribution v. The
density is exactly the function 7 from Theorem 5.1.3. In the proof we follow He et al. [49] who
made this observation very recently based on [25]. We give the whole proof here as we will use

its techniques later on.

Theorem 5.1.5 (Existence of unique QED). Assume that the process (X¢)i>0 on EUOE with
killing at the boundary OF satisfies Assumption A. Then (Xt)i>0 has a unique quasi-ergodic
distribution m, where the convergence in (5.1.8) is uniform over all x € E and m possesses a
density

m(dz) = n(x)v(dx) .

Proof. Observe from (5.1.5) that [ m(dz) = [pn(z)v(dz) = 1. So m is a probability measure
on E. Fix u > 0 and define h, : & — R(J{ by

hu(z) = inf <e

t>u

gt Pa(T > t))
n(z) ‘

Let f: E — RJ be bounded and measurable. Let further be 0 < ¢ < 1 and (1 — ¢)t > u. Then
we obtain for all z € E that

Ex[f(th)]l{T>t}]
P,(T > t)
Eaz[f(th)]l{T>qt}Pth (T > (1 - Q)t)]
P, (T > t) ’

Eo(f(Xg)|T > 1) =

where we used the Markov property. Hence, we can infer that

e_)\ontz[f(th)]1{T>qt}e_>\0(1_q)t]P)th (T > (1 — q)t)]
e*Aoth(T > t)

o € B [ (Xgt) Lo gny (Xt )0(Xgt)]

= e, (T > t) ’

Ee (f(Xqe)|T > 1) =

According to Theorem 5.1.3 1 is bounded and the convergence of the limit, via which 7 is defined

is uniform in x. Hence, there exists a constant C' > 0 such that for all t > v and z € £

|f(@)hu(@)n(@)] < | f(@)e " Po(T > 1) < | fllocClnlloo - (5.1.9)

Thus, the function fh,n is bounded and obviously measurable. We observe from property
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(5.1.7), the definition of n and the above that uniformly over all x € E

.. _Aontx[f(th)hu(th)n(th)]l{T>qt}}
Tt B X = 1) = iy B (T > 1)

e NP (T > qgt)
= tlimo e—MotPp, (T >1) Eq [f (Xgt)hu(Xge)n(Xge)|T > qt]

=/f (z)v(d) .

Due to (5.1.9) and the fact that h,(x) — 1 for all z € E, we can apply the dominated convergence

theorem to conclude that
ligrninfEx(f(th)]T >1t) > /f(a;)m(dx)
— 00 I
Replacing f by ||f|lcc — f, we can see easily that

lim sup B (£ (X)|T > #) < /I F(z)m(d)

t—o00

Therefore we have shown that for all bounded and positive functions f

hm]E(( X)|T >1t) = /f

uniformly over x € E. We can extend the result to arbitrary measurable and bounded f by
writing f = fy — f_ for fy := max{f,0}, f- := —min{f,0} and using linearity. Finally, with a
change of variables, Fubini and the dominated convergence theorem we obtain for all bounded

and measurable functions f : £ — R that uniformly over x € E

lim]Ex< /f ds]T>t>—hmE (/f qt dq|T>t>
t—r00

:tlggooE((qu>t dq—/f dz).
Uniqueness is immediate from the definition of a quasi-ergodic distribution. O

The measure m has an additional meaning as we learn in [25]. We will see that we can define
the Q-process (Y;) with probabilities (Q;)zcr such that for any s > 0

Qu((Yau)o<uss € +) = lim Pp((Xu)o<uss € T > t).

t—o00

The Q-process is also called the survival process since its finite-time distributions equal the ones
of the original process (X¢):>0 conditioned on asymptotic survival. We will come back to the
potential role the @Q-process could play within a random dynamical systems theory of killed
processes.

The measure m turns out to be the unique invariant probability measure of the Markov
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semigroup associated with Y;. We give the following short version of [25, Theorem 3.1]:
Theorem 5.1.6 (Q-process and QED). Assumption (A) implies

(i) the existence of the Q-process: there exists a family (Qz)zer of probability measures on
defined by
tlim P.(A|IT > t) = Qx(A)
— 00

for all Fs-measurable sets A for any given s > 0. The process ((Yi)i>0, (Qz)zecr) on
(Q, (Ft)t>0) is an E-valued time-homogeneous Markov process. In addition, if (Xt)i>o is

a strong Markov process under (Py)zcp, then so is (Y;) under (Qg)zck-

(ii) exponential ergodicity: the probability measure m on E defined by
m(dz) = n(z)v(dx)

is the unique invariant distribution of ((Yi)i>0, (Qxz)zer). Furthermore, there are Cp,v1 > 0

such that for any initial distribution p on E we obtain

1Qu(Y: € 1) —m()||lrv < Cre™™ for allt > 0.

Proof. See [25, Theorem 3.1] which we have slightly reformulated for convenience of the reader.

O
5.1.2 Stochastic differential equations
Consider the Markov process (X;):>0 as a solution of a stochastic differential equation
dXt = f(Xt)dt + g(Xt) o th, X() € E, (5110)

in a bounded connected domain E ¢ R? with absorption at the boundary 0F which is assumed
to be C2. (W;) denotes some r-dimensional standard Brownian motion, f : E — R? a Lipschitz-
continuous vector field and g : E — R%*" is a differentiable, Lipschitz-continuous matrix-valued
map such that gg* is uniformly elliptic and the It6-Stratonovich correction term is also Lipschitz
continuous (see Appendix 1.4). Champagnat et al. [24] can then prove a result which immediately

implies the following:

Theorem 5.1.7 (QSD and QED for stochastic differential equations). If (X¢):>0 is the solution
process of the stochastic differential equation (5.1.10) in a bounded connected domain E C R?
with absorption at the C? boundary OF and f and g are as above, Assumption (A) is satisfied.

In particular,

(a) there is a QSD v and C' > 0,~v > 0 such that for all probability measures u on E

IP(X: €T >t) —v()|lry < Ce ™™, forallt>0.
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Furthermore, there is a subset D C D(L) of the domain of the generator L on EUJE such
that

/Efdl/:)\g/fdy, forall f € D,

i.e. v is an eigenmeasure of L* for the largest non-zero eigenvalue Ag < 0 of L with Dirichlet
boundary conditions on EUJE. As before, —\g is the exponential escape rate as given in

Proposition 5.1.2.

(b) there is a QED m given by
m(dz) = n(z)v(dz),

where

1 IP)JU(T > t) 1 — Aot
(@) = Jim 5 r sy~ dme U E(T > )

is a bounded eigenfunction of L for eigenvalue g, as in Theorem 5.1.3 (b).

(c) the QED m is the unique invariant distribution of the Q-process ((Yi)t>0, (Qz)eer). Fur-

thermore, there are C1,~v1 > 0 such that for any initial distribution p on E we obtain

1Qu(Y: € 1) —m()||rv < Cre™ ™ for allt > 0.

Proof. See [24, Theorem 3.1] for showing that the process satisfies Assumption (A). The state-
ment about v being an eigenmeasure of £* is a direct consequence of [74, Proposition 4]. The
other implications are taken from Theorem 5.1.3 and 5.1.5 applying the statements to the situ-
ation of the SDE (5.1.10). O

Let us now consider a case where v and m can be determined as eigenfunctions of the
generator L. For that purpose we study a special case of (5.1.10), namely a stochastic differential
equation of the form

dX, = f(Xy)dt + o AWy, (5.1.11)

where Xo € I, I = (I,r) for some [, € R and f € C'(I)NC(I). First observe that if we consider
the process on the real line and if exp ( ffoo f (y)dy) is integrable, the process has a stationary

p(z) = %exp <022 /_1 f(y)dy> ,

where Z > 0 is the normalisation constant. Following [28, Section 6.1.1] we define

measure with density

2 x
= — dy .
V() Ug/l f(y)dy
Furthermore, we define the measure

p(dz) := exp (y(z)) dz
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on I. Consider the generator of the semigroup associated with (5.1.11)

0_2
L= 500 - +f00, (5.1.12)

with Dirichlet boundary conditions at x = [ and x = r, and its formal adjoint

0.2

L% = 5000 - ~0u(f). (5.1.13)

With standard theory (see e.g. [27, Chapter 7]), we observe that £ is self-adjoint in L?([l, 7], du)
and possesses a complete orthonormal basis of eigenfunctions in L2([l,7],du). We can apply
Theorem 5.1.3 or deploy the well-known theory for one-dimensional second-order linear ODEs,
as used in [28, Lemma 6.1], to observe the following properties of the eigenvalues \,, # 0 for n > 0:
Each )\, is simple, negative and the only possible accumulation point of the set {\, : n > 1} is

—o0. As before, we write without loss of generality
0>X>M > > > g1 >0

We denote by 1, the unique solution to

Lo = M, (1) = () = 0, /I Pdu=1, ¥(l) > 0.

Note that ), is smooth for all n > 0 due to the ellipticity of £. We further observe that
b, (7) = Py, (z) exp(y(z)) satisfies

L = g, (1) = o(r) =0, ¢'(0) > 0.

Following [28], we obtain the following formula for the killed semigroup P; defined as an operator

on bounded and measurable observables h : I — R by
Pih(z) = Em[h(Xt)]l{Tﬁ}] .

Note that the result is even stated for the larger space L?(I,dpu).

Proposition 5.1.8. For all t, all z € I and all h € L?(I,dy),

EL (X)L (o] = 3 e ( [ 1w ) u(dy)) o (@)

n I
Proof. See [28, Proposition 6.2]. O
From this formula we can immediately derive the following similarly to [28, Theorem 6.4]:

Theorem 5.1.9. The unique quasi-stationary distribution v for the process (X¢)i>0 on I derived
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from (5.1.11) with absorption at the boundary 01 is given by

- LZJ,\O(QS‘);L(dJ}) _ ¢)\o(x)dx

vide) = Jore@n(dy) [ or(y)dy

The QED m can be written as
m(dz) = 43, (r)p(dx)

and we have

)= [ ortan ) v (o).

The statements from Theorem 5.1.7 about exponential convergence for all initial distributions
hold for v and m.

Proof. Obviously all assumptions are satisfied to apply Theorem 5.1.7. Hence, we know already
that there is a unique QSD. Furthermore, we obtain from Proposition 5.1.8 that for all A €
L3([l,r],dp) and = € I,

t—o00

lim e_)‘OtEx[h(Xt)ll{T>t}] =y, (x)/[h(y)%o (y) p(dy) .

In particular, by taking h = 1, we obtain

lim e 2P (T > t) = by, (z) /1 VoY) p(dy) -

t—o00

So we can deduce that for all bounded and measurable functions h and z € I we have the limit
lim B, (b(X)|T > )= [ h(y)v(dy),
t—o0 I

where v is given as in the statement of the theorem. Hence, v is the unique QSD. From the
fact that n has to be proportional to 1), and the normalisation condition on %),, we get the

expressions for m and 7. O

5.2 Lyapunov exponents and local stability

We are turning to the study of killed processes from a random dynamical systems perspective.
In this section, we mainly investigate the existence of asymptotic average Lyapunov exponents
and the convergence behaviour of finite-time exponents to such quantities.

Let (Xt)¢>0 be a time-homogeneous Markov process on a topological state space E with
absorption at the boundary OF, where the process possesses the family of transition probabil-
ities (Py)zer on a filtered probability space (2, F, (Ft)i>0,P). Further, let there be a random

dynamical system (6, ) associated with this process such that

P.(X; € B) =P(¢(t,-,x) € B) forall t>0,x € E,B € B(E).
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We encounter such a setting, for example, if the random dynamical system is induced by (5.1.10)

in the canonical way. In such a situation, we can make the following definition.

Definition and Lemma 5.2.1. Let (0,¢) denote the random dynamical system associated
with a Markov process (X;);>0 on a topological state space E with absorption at the boundary
OE. Define T: Q x E — R{ as

T(w,z) =1inf{t >0 : $(t,w,z) € OE}
such that forall z € F and t > 0
P (T >t) =P(T(-,z) > t).
Then together with (6,), the map ¢ : R x Q x E — E given by

o(t,w, ) ift< T(w,:v) ,
o(t,w,z) = (T (w,x),w,z)  ift>T(w,z),
T if x € OF.

constitutes a random dynamical system.

Proof. Measurability and ¢(0,w,-) = id are clear from the definition. It remains to check the
cocycle property by distinguishing different cases. Fix (w,r) € Q x E. First note from the
cocycle property of the original system ¢ that for s < T(w,z) we have

H(T(w,x) — s,05w,P(s,w, x)) = H(T(w, x),w, x),

and therefore

T(Osw, p(s,w,x)) = T(Osw, p(s,w,x)) = T(w,z) — 5. (5.2.1)

Hence, if t + s < T(w, x), it follows that
(P(t + 87 w? x) = @(t —"_ S’ w? x) = @(t? 98("‘)7 @(87 w? x)) = Sp(t7 st? 90(8’ w? x)) *

Now let t +s > T(w, x): If t,s > T(w, z), we have by definition of ¢

ot +s,w,z) = (T (w,x),w,z) = p(t, Osw, @(T(w,x),w,x)) = o(t, Osw, p(s,w,)).

If wlog s < T(w,x), we obtain from (5.2.1) that ¢t > T(w,z) — s > T(fsw, (s,w,z)) and

therefore

ot + s,w,z) = p(T(w,x),w,z) = p(t, 0w, (s, w, x)) .
This concludes the proof. O

Remark 5.2.2. Note that Definition and Lemma 5.2.1 defines a local random dynamical system
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in the sense of [2, Definition 1.2.1] with extension to the boundary. The domain D C Rf x 2 x E

of the local random dynamical system satisfies
D(w,z) ={t e Ry : (t,w,z) € D} =[0,T(w,z)),

and
Dt,w)={zx€E: (t,w,x) e Dy={z € E : T(w,z) >t}.

The classical motivation to consider local random dynamical systems is the possible explosion
of solutions for a stochastic or random differential equation in an unbounded state space outside

the domain D. If the eternal survival sets

Ew)= () D(tw)

are non-empty almost surely, any invariant random measure has to be supported on these fibres
and the formulation of a Multiplicative Ergodic Theorem is possible for such an invariant mea-
sure. However, in the situations we are interested in, i.e. stochastic differential equations with
additive noise on a bounded domain E C R, E(w) is empty almost surely. Hence, the problem
demands for a new method describing asymptotic expansion and contraction rates, using the

idea of quasi-ergodic distributions.

Note that ¢, as defined in Definition and Lemma 5.2.1, is not continuous at x € JF for all t >
0 and w € €2, so ¢ isn’t a continuous random dynamical system in the sense of Definition 1.1.1.
However, for any x in £ and w € €, the system ¢ is continuous in x for all ¢t < T(w, x), and
even differentiable if ¢ is. In the situation of (5.1.10) this is the case if the coefficients are
differentiable. We can consider the finite-time Lyapunov exponents
1 IDe(t, 2]

A(tw, ) = ; HT for t < T'(w, ),

where Dy = D¢ solves the variational equation corresponding to (5.1.10) given by
r . .
dY (t,w,z) = Df(o(t,w,z))Y (t,w,z)dt + Z Dg’ (p(t,w, z))Y (t,w,z) o AW , (5.2.2)
j=1

where Y (0,w,r) = Id, and ¢’ denotes the j-th column of g and th the j-th entry of Wi.
We want to investigate the convergence behaviour of the finite-time Lyapunov exponents under
conditioning to absorption at the boundary.

We restrict ourselves to problems with additive noise as this will be enough for our most

relevant examples. Consider the stochastic differential equation
dX; = f(Xy)dt +ocdW,, Xg =€ € FE, (5.2.3)

where E C R? is a bounded connected domain with C? boundary dF and f : E — R% is a
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continuously differentiable vector field with bounded derivative. Then all the conditions of The-
orem 5.1.7 are satisfied. Hence, the quasi-stationary distribution v on F is a limiting distribution

whose density ¢ vanishes at the boundary and satisfies

E*QS = )‘OQS )

where L£* is the formal adjoint of the generator £ which is given by
L 92

Furthermore we know that

Ln = Aon,

and that the quasi-ergodic distribution m satisfies

m(dz) = n(x)v(de) .

Hence, in principle these measures can be calculated explicitly.
The Jacobian D¢ of the RDS is the solution of the variational equation, which in this case

reads
d

dt
A first question to ask is if there are limits for the average finite-time Lyapunov exponents as
in the classical case. That means that we want to find out if for v € R?\ {0} there are A, € R
such that for all x € E

Y(t,w,z) =Df(p(t,w,z))Y (t,w,z), Y(0,w,z)=1Id. (5.2.4)

_ 1 D
Ap = lim E [)\v(t,~,x)|T(-,x) > t} = Jim ZE [1 [De(t, @ ”‘ } . (5.2.5)

t—o0 t—o0 HUH
Indeed, we can show the following modified Furstenberg-Khasminskii-formula:

Proposition 5.2.3 (Conditioned average Lyapunov exponent). Let (0, p) be the random dy-
namical system with absorption at the boundary corresponding to the Markov process (Xt)i>o0
solving equation (5.2.3), and let

De(t, - -)

D (2, -, -]
denote the induced process on the unit sphere of the tangent space. If the generator L of
(Xt, 8t)e>0 is hypoelliptic, then for all v € R?\ {0} the average exponent \, as defined in (5.2.5)

exists and is given independently from v by

St =

Ap = A= / (s,Df(y)s) m(ds,dy), (5.2.6)
Si-1xE

where m is the quasi-ergodic joint distribution of (Xt, st)i>0 and the convergence is uniform over

allz € E and v € R4\ {0}. We call X the conditioned average Lyapunov exponent.
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Proof. Note that the angular component s; as defined above lies on the unit sphere S~ and
write r; = ||De(¢, -, -)|| for the radial component. The variational equation (5.2.4) in vector polar

coordinates is given by

ds; = Df(@(t,-,-))st — (se, Df(p(t,-,))s)sedt, so € ST,
dry = (s¢, Df(¢(t,-,-))se)redt, 7o = 1.

We obtain for all w € Q, z € E

t
ri(w, x) = roexp </ h(p(T,w, ), 87—<w,$))d7'> ,
0
where h : E x S%~! — R is given by

h(z,s) = (s,Df(z)s) .

We observe that (X, st)i>0 constitutes a skew product system on E X S%1 with killing at
OE x S%!. To apply the theory of Section 5.1.1, we need to check that Assumption (A) is
satisfied. We know that (X;):>o satisfies the assumption on E U OF, i.e. there is a family
(Va1 o) that fulfils (A1) and (A2) for some constants tg,c1,ca > 0. Due to the hypoellipticity
condition, there exists a ¢p > 0 and a family of probability measures (fi,, »,) such that for any
2 = (v5,8) € Ex$S¥1i=1,2 and A € B(E) with vy, 4,(A) >0

IP)Zi (Sto c "Xto S A,T > tO) > C()/le,zz(’) )

for similar reasons as in the proof of [24, Theorem 3.1]. We define the family of probability

measures
oy 2y (A X B) = Uiy 2y (A)pizy 2o (B) for all measurable A C E, B C S, 21,29 € B x S¥71.

Since (X¢)i>0 and therefore 7' are independent from (s:);>0, we observe that for all 21,20 €
E x S ! and measurable A C E, B C S¢!

]P)Zi((Xt()?Sto) S A X B7T > to)
]P’gci(T > to)
= IEDZZ. (Sto c B|Xt0 S A,T > tO)Pxi (Xto S A‘T > to)
> CO/I’ZLZQ(B)]P)CM(XtO € A|T > to) > COClDZl,ZQ(A X B) .

P, (X4, 5t0) € A X BT > tg) =

This shows (Al). Using again the independence of the hitting time 7" from s;, (A2) follows by
observing that for all 21,20 € E X Sd-1

Py, ., (T> t) = / / Po(T > t) Vgy o (d2) pizy 2o (ds) > o sup  Pp (T >1t).
Si-1 JE z€E,seS4-1
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Theorem 5.1.3 and Theorem 5.1.5 allow us to conclude that there are a unique QSD 7 and
associated QED mm on E x S ! which due to the skew product structure have v and m as their
marginals on E. Hence, by definition of a quasi-ergodic measure and the fact that h is bounded
and measurable by the assumptions, we conclude that for all v € R? with v = ||1]| (which is

enough for the claim) and x € £
.1 1
Ay = tlggo E]EQZSO Inr|T > t] = tlgglo gEx[lnrﬂT > ]

~ lim 1E [/Oth@(f, ), 50( 7)) dr

t—oo t

T(-, ) >t] _/hdm,

where the convergence is uniform according to Theorem 5.1.5. This concludes the proof of the

proposition. O

Remark 5.2.4. In principle, we can extend this result to the general situation of (5.1.10). We
refrain from doing this here for two reasons. Firstly, in case of a nonlinear diffusion term g, the
functional that has to be added to (s,Df(z)s) assumes a complicated shape including second
derivatives, if the original and linearised process have interfering noise terms. We avoid the
loss of clarity and comprehensibility of this situation. Secondly, the relevant examples of this
thesis have additive noise terms such that the formulation of Proposition 5.2.3 suffices for our

purposes.

In one dimension, the problem is reduced to considering systems on an interval I C R induced
by the one-dimensional SDE (5.1.11), where f € C'(I) N C(I) and f’ is bounded on I. In this

case the finite-time exponents are simply given by
1 .
AMt,w,z) = n In |Dy(t,w,z)| fort<T(w,zx),
where Dp(t,w, x) solves the linear variational equation for (5.1.11)
(t,w, 1) = f(et,w,2))v(t,w,z), v(0,w,z)=1, forall x € l,weqQ.

So in this one-dimensional scenario we can immediately infer that

1 [t -
AMt,w,z) = t/ f(o(s,w,z))ds fort < T(w,z).
0

Let us write ¢ = 1), from now on. We can show the following formula for the conditioned aver-

age Lyapunov exponent A in the one-dimensional scenario in congruence with Proposition 5.2.3.

Proposition 5.2.5 (Conditioned average Lyapunov exponent in one dimension). Let (6, ) be
the random dynamical system on I C R induced by (5.1.11) with absorption at the boundary,
where f € CY(I)NC(I) and f' is bounded on I. Then the conditioned average Lyapunov exponent
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A is given, independently from x € I, by

A= Jim B (At a)T(0) > 1) = [ Fmian) = [ Foit@e®y G2
forallz e 1.

Proof. The claim follows immediately from Theorem 5.1.5 by using that f’ is bounded and
measurable on I which implies, by definition of the QED m, that

hmE(( )T x) > ):mma( /f ) ds|T(,z) > t>

t—o00 t—o00

= lim E, ( / F(Xs)ds|T > t) /If’(y)m(dy)-

The formula for this integral is taken from Theorem 5.1.9. 0

Remark 5.2.6. To obtain a priori estimates on the sign of A\, we could try to use the fact that

1 is an eigenfunction of L for the eigenvalue Ag, i.e.

570 (@) + F @)V (z) = Mo (@) (523

Using integration by parts, we observe that

/If’(a:)w2(x)67<x)dz:_/f (2f 2@ 4 2 )e’Y(z)> "

o2

__/f2 z)ym(dz /f P(x)e’ @ dz .

sign unclear

Note that the second term vanishes in case I = R since 1 is a constant function in this case and
m is the stationary distribution. That is how one observes negativity of the Lyapunov exponent
in the classical setting. In our context, the sign of the second term depends on the product

f(z)¢'(x) which makes a direct a priori estimate impossible. Using (5.2.8), we can rewrite it as

/ P (@) (@) / flx ( ) <x>e”<z>+2¢<x>¢’<x>ev<x>> dz
/f2 m(dx) 2)\o+a /1/1" Y(x)e’® da

TV
sign unclear

Again, we remain with a term whose sign is unclear, this time depending on ¢”(z). It appears

not possible to obtain general statements about the sign of .

We observe that A as defined in Proposition 5.2.3 (and given in Proposition 5.2.5 for one
dimension) is defined as a limit of conditioned expected values. In random dynamical system

theory, however, we are usually interested in w-wise asymptotic statements. Due to the killing
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at the boundary, the best we can hope for in this context is a convergence result of finite-time
Lyapunov exponents in probability. Indeed, we are able to prove such a result in Theorem 5.2.8
which shows that this number A actually has a dynamical meaning. Before we can prove the

Theorem, we show the following Lemma about decay of correlations:

Lemma 5.2.7. Let (X¢)t>0 be a Markov process on a topological state space E with absorption at
the boundary OF as introduced in Section 5.1.1. Then for any measurable and bounded functions

fLg: E—>R, 0<r<qg<1 we have

Jim B, (4006017 > 0 = ([ gam) ([ gam)

uniformly over all x € E .

Proof. Let f,g: X — Rg be measurable and bounded functions, 0 < r < ¢ < 1 and =z € E.
Similarly to the proof of Theorem 5.1.5, we fix u > 0 and define the observable

ho(z) = inf{e P (T > t)/n(z) : t > u}.

Let ¢t be large enough such that (¢ — r)t > uw and (1 — ¢)t > u. We obtain with the Markov
property

Em [f(th)g(Xrt)‘T > t] _ Em[g(Xrt)f(th)]l{T>t}]

P.(T > t)
i E; [g(Xrt>f(th)1{T>qt}Pth (T > (1 - Q)t)}
B P.(T > t)
S Eo[9(Xrt) L s giye 20D f (X o) hu (X g )n(Xqe)] '

- P (T > t)

Let us denote p(z) = f(z)hy(z)n(x) and p(z) = g(x)hy(x)n(z) which are positive and bounded

for the same reasons as in the proof of Theorem 5.1.5. Analogously to the above, we obtain

st Ba [0 ) Lirsrn Ex, (Lirs (mmi P(X (gr)]]
S o—o(g—1)t {T>rt} =X [ H{T> (g—7)t} (g—7)
Eq (f(Xa)g(Xo)|T > 1) 2 e B (T> 1)

(Xt o (Xt ) (Xt L prsry B, [z (goryiy P(X (g=r)t)]
P (T > t)Px,, (T > t)eHot

e B( X)L irsrey € U B, [1irs (g1 (X (g—ryt)] ]

2 e—AO(q_l)tEm |:

=E
T TP (T > t)e Mt Py, (I > t)e Ml

By Theorem 5.1.7 the limits of the killed semigroup are uniform in z. For the second term in
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the expectation above we obtain

e Mola—R (L7 (gt P(X(g—r)t)]
]1{T>7‘t} ert (T > t)e—AOt B /pdy

e~ M@ Itpy (T > (g — 1)t
[ty e e B (X )T > (=) = [ pav

1 e PPy (T > (¢ —1)t)
{T>rt} e 2Py (T > 1)

<Ce™ +lplloo -1

e M@IIP (T > (¢ —7)t)  n(x)
e~ MtP (T > t) n(x)

<Ce "+ |p]lc sup
zeFE

where the second term converges to 0 as ¢ — oo according to Theorem 5.1.7. Hence, the second

factor in the expectation converges uniformly to its limit

/pdyz/fhudm.

Therefore we observe that

ligginfEx (f(Xqt)g(Xp)|T > t)

> 1i e (Xt Lyrsrey € OB [Lirs (- P (X g—r2)]
im E,
= oo P (T > t)e=Hot Px, (T > t)e~ ot
By e B( X)L sy ]
- tlggo P.(T > t)e ot /fhu m

Since h,, is uniformly bounded as seen in the proof of Theorem 5.1.5 and h,(xz) — 1, we have

by the dominated convergence theorem that

lim inf E, (f(Xge)g(Xot)|T > ) 2 </ fdm) </gdm>.

Replacing f(Xg1)g(Xy) by

Iflloo = F(Xae))(lglloo + 9(Xre))  and ([[flloo + F(Xgt))([9llcc = 9(Xrt))
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we can see directly that
2| llocllglloc — lim sup Bey (2f (Xt)g(Xrt))IT > 1)
— 00
> timint B, (11 = £ gl + (X[ > )

Ftinint B, (1l + 7050 ol — a7 > )

> 2ol = ( [ fam) ([ i)

Therefore, we deduce that

la sup E, (F(X)g(X,0)|T > 1) < < / fdm> ( / gdm>.

So, we have shown the claim for positive measurable and bounded functions f,g. We can extend
the result to arbitrary measurable and bounded f, g analogously to the proof of Theorem 5.1.5
by replacing fg with (fy — f-)(9+ — g—). Uniformity of the convergence follows for the same

reasons as in Theorem 5.1.5. O

We are ready to prove the following theorem which equips the limit of expected values A,
as given in Propositions 5.2.3 and 5.2.5, with the strongest possible dynamical meaning for the

setting with killing at the boundary.

Theorem 5.2.8 (Convergence in conditional probability). Let (0, ) be the random dynamical
system with absorption at the boundary corresponding to the Markov process (Xi¢)i>0 solving

equation (5.2.3). Then for all € > 0 we have

t—o00

lim PP <|)\U(t, L) — A

> e|T(-,z) > t) =0 (5.2.9)

uniformly over all x € E, v € S, This means that the finite-time Lyapunov exponents of the
surviving trajectories converge to its assemble average in probability. Note that in one dimension
this reads

t—o0

lim P <|/\(t, LT)— A >¢€

T(,x) > t> =0. (5.2.10)
Proof. Recall from above that
A= Jim By, (Ao(t,2)|T > ) = lim B <>\U(t, L2)| T, z) > t)

:/ (s,Df(x)s) m(ds,dz).
Si-1xE

In the following, we will write g(z,s) = (s,Df(z)s) and m(h) := [ hdm for any bounded and

measurable function h. Note that in one dimension we have g(x,s) = f'(x) and m = m. We
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observe that

P <|)\v(t, Lx) =N >elT(,z) > t>
<P < Ao(t,x) —E (Av(t, L) T, z) > t)‘ > e|T(z) > t)
+P <‘)\ —-E ()\U(t, )| T(-x) > t)‘ >e|T(-,z) > t> )

The term in the second line converges to zero for ¢ to infinity by definition of A. The first term

can be estimated by Chebyshev’s inequality:

"

This means that, in order to prove the claim, we simply need to show that

Var(\y(t, -, z)|T(-, x) > t)
5 :

Aot - z) —E (Av(t, L) T () > t)‘ > e

T(-, ) >t> < .

tim E (A ([T, 2) > 1) = lim [E (A(t) D) > 1))

t—o00 t—o00

where

lim [E ()\v(t, L) T z) > t)r =% =m(g)?.

t—o00

Similarly to the proof of Theorem 5.1.5 we obtain with Fubini that
2|7 1 ’
tlgéloE ()\U(t, o) T(-x) > t) = tlggloEr <t/0 9(Xr,57) dT) T >t

1 2
— tlingx ((/0 g(th, Sqt) dQ) ’T > t>

1,1
= lim / / Ex (9(Xqts Sqt)9(Xrt, sp¢)|T > t) dgdr
o Jo

t—o0

t—o00

1 rq
= lim |:/ / E, (Q(tha sqt)g(Xrta Srt)‘T > t) drdg
0 JO
1 pr
# [ Bt s Ko, T > 1) dga]
0 JO
It follows immediately from Lemma 5.2.7 that for 0 <r <g¢<1 (and 0 <g<r <1)
tlilgo E, (g(tha Sqt)g(Xrt, spt)|[T > 1) = tILIEO Ez so (Q(thy Sqt)g(Xrta spt)|[T > t) = m(g)2 ’

where the convergence is uniform over the initial values. Hence, by using dominated convergence,

we conclude that

limE()\v(t,~,x)2|T(-,:v) >t) :/01 /quh(g)Zdrdq+/01 /Orﬁl(g)qudr:Th(g)Q,

t—o00

such that the claim follows. ]
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Proposition 5.2.3 tells us, not surprisingly, that if we take the limit of the expectation of the
tangent flow, the initial vector v on the tangent space does not matter. Figuratively speaking,
we average out the geometry of the dynamics. In the classical setting, this geometry is reflected
by a spectrum of Lyapunov exponents associated with a filtration or splitting of flow-invariant
subspaces. Something like that is not directly obtainable in our setting since such filtrations or
subspaces depend on the noise realisation w which only has a finite survival time in our context.
However, we can try to find a spectrum of Lyapunov exponents following the Furstenberg-Kesten
Theorem [2, Theorem 3.3.3].

For a time ¢ > 0, consider ®(t,w, x) := Dp(t,w, x) € R for all (w, ) such that ¢(s,w,z) €
FE for all 0 < s <t. Let

0<og(P(t,w,x)) <+ <o (P(t,w,x))

be the singular values of ®(¢,w, x), i.e. the eigenvalues of \/®*(t,w,z)®(t,w,x). We would like

to show the following:

Conjecture 5.2.9 (Lyapunov spectrum). Let ® be the linearised flow associated with prob-
lem (5.2.3). Then there are o' € R such that for all x € E we have

1 - .
JEMoi(®(t, -, 2))|T(2) > 1] 220 60 forall1 <i<d.
In this case, we can define a Lyapunov spectrum of average expansion rates of the surviving

assemble by denoting A\1 > Xa > ...\, for the 0 < p < d different values of o1 > --- > ol

Considering Proposition 5.2.3, the goal would be to show that there are cases where p > 1.
We will give numerical evidence for this later.

We consider the classical setting without killing at the boundary and replace (w, z) € € x R?
by w € Q as driving metric dynamics for ease of notation. The Furstenberg-Kesten Theorem [2,
Theorem 3.3.3] uses the subadditivity of exterior powers to show convergence of the exponents
expressed as singular values. We denote the k-fold exterior powers of the matrix ® by A*® for
1 < k < d. Then the condition

sup InT ||®(t,w)*| € L}(Q)
0<t<1

guarantees that Kingman’s Subadditive Ergodic Theorem [2, Theorem 3.3.2] can be used to

show that there is a measurable map v* such that almost surely
lim - In [ AR®(, w)]| = ()
t—oo t ’ )

In particular, we obtain
.1 k _mik
Jim ZE [1n||A <1>(t,-)||] = EH4].

We can then define measurable o!(w) > 0?(w) > --- > ¢%(w) such that for all 1 < k < d and
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w e N
ol (w) + o (W) +--- —i—ak(w) = fyk(w).

Recall that o (w) denotes the k-th largest singular value of ®(¢,w). By using the well-known
fact for all t > 0 and w € 2
o1(w) + -+ opw) = ARt )],

one can deduce recursively that

o*(w) = lim %lnak(Y(t,w)).

t—o00

In particular, we may conclude that

Elo*()] = Jim B mox(Y (1, ).
The different numbers Aj(w) > - -+ > Ay, in the sequence o' (w) > o%(w) > - -+ > 0(w) are the
Lyapunov exponents. In an ergodic situation, the Lyapunov exponents and their number p(w)
are constant over almost all w and we obtain that E[Ax(-)] = A\ € R.

The main ingredient for showing Conjecture 5.2.9 is proving the convergence of the exterior
powers. As mentioned above, this is achieved in the classical setting by using the subadditivity
of

P (w, 1) = In [ AR (t,w) |

and then applying Kingman’s Subadditive Ergodic Theorem. The subadditivity follows directly

from the cocycle property
AFD(t + 5,w) = AFD(t, 0,0)AF D (s, w).
Going back to our problem, we would like to show the existence of

1
lim —E[p*(-,t)|T > t]

t—oo t

under mild conditions. An approach using subadditivity would need to establish that
E[p* (-t + 8)|T >t + s] <E[p*(-,t)|T > t] + E[p* (-, s)|T > ] .

Unfortunately, showing this seems very difficult, if not impossible, as it is generally not clear
what effect the conditioning on non-absorption has on values of p*(cot,?). Another even more

general approach would be to investigate the limit of

Elg(-,)IT > 1],
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for g : C([0,00)) x Ry — R which satisfy
(w,8) > hi(Xosese(w)) for maps hy : C([0,4]) — R.

But this seems an even harder problem.
The following Lemma shows that we can bound the Lyapunov spectrum, if it exists, from
above and below. In more detail, we define an upper and a lower conditioned average Lyapunov

exponent A* and A by

1 .
A :=limsup sup ;E {ln IIDe(t, -, z)v|||T(-,x) > t] ,

t=o0 [ufl=1

and .
A= liminf inf B [m IDo(t, -, )| |T(-, z) > t} .
Defining similarly to chapter 77

+x:max x)r,Tr () = min x)r,r
X () = masx (Df (e)r.r), A~ () = min (Df (x)r.r).

we find the following bounds for these quantities.

Lemma 5.2.10. Let (0, ) be the random dynamical system with killing at the boundary asso-

ciated to (5.2.3). Then the upper and lower conditioned average Lyapunov exponents satisfy

/ A (z)m(dz) < A< A< A< / M (z)m(dz),
X X

where X is the conditioned average Lyapunov exponent given by Proposition 5.2.3.

Dop(t,w,z)v

= W We observe that

Proof. For any w € Q, € F and 0 # v € R? define r¢(w, z,v) :
d 2
g 1P#(tw, 2)ol” = 2(Df (et w, 2))(8,w, 2)v, De(t, w, z)v)
=2 (Df((p(t, W, :c))rt(w, €, U)? Tt(w7 Z, U)) ||D90(t7 W, x)vHZ
< 227 (p(t,w, 7)) [De(t, w, ).
Analogously we obtain
d _
allDw(t,w,w)vHQ > 2)7 (p(t,w, 2))|[Dep(t, w, )o]*.

Hence, we can conclude that for all 0 # v € R?

IDe(t, w, )ol|* < [|v]* exp

(2 /Ot A+(gp(s,w,x))ds> (5.2.11)
IDe(t,w, 2)ul? > [Jv]? exp (

z/ot A—(gp(s,w,x))ds) . (5.2.12)
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Since AT and A~ are measurable and bounded on E, we can conclude with Theorem 5.1.5 that

1 [ -
AY <limsupE [t/ A (¢(s, - 2)ds|T (-, x) > t]

t—o00 0

= lim E, [1 /Ot AT (X,)ds|T > t] = /X M (z)m(dz),

and
1/t .
AL > liminf E [/ A (o(s, -, 2)ds|T(-,x) > t]
t—00 t Jo
1 t
= lim E, [/ A (Xs)ds|T > t] :/ A" (z) m(dx) .
The fact that A < XA < \* follows directly from the respective definitions. O

Note that the computation of A can be very difficult and costly in higher dimensions as we
have to determine m(ds,dz), the joint quasi-ergodic distribution of the original process and
the derivative angular process. In some cases it will definitely be easier and cheaper to simply
compute or approximate m(dx), the quasi-ergodic distribution of the singular process. Then
the integrals m(A~) and m(A") can help to reveal if A\, which can be expected to equal \; in

case the spectrum exists, is positive or negative respectively.

5.3 Local synchronisation for nonlinear systems

This section is dedicated to showing implications of A having a negative sign. As one would ex-
pect, the main implication in terms of the random dynamics is the synchronisation of surviving
trajectories starting close enough to each other. In the following, we prove a general state-
ment about local synchronisation in discrete time for systems with absorption at the boundary
and then show a corollary for systems induced by stochastic differential equations using the

definitions and results of the previous two sections.

Theorem 5.3.1 (Local synchronisation theorem). Let (6,¢) be a continuously differentiable
RDS with killing on a bounded domain E C R, and let there exist a A < 0 such that uniformly
over all z € E and v € S%1

n—oo

1 ~
lim P |—In||Dy(n,-,z)v|| < )\’T(-,x) > n] =1. (5.3.1)
n

Then for all \c € (\0), x € E and 0 < p < 1, there are ap, >0, 0 < 8 < 1, K. > 1 and sets
QF C Q with Po(Q2|T >n) >1—p for alln € N such that we have the following:

a) For alln € N, w € QF and y,y € B,, ()

lp(n,w,y) — @(n,w,y)l| < K™y =y,
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and, in particular, for all y € Bg, (z)
H@(n’ W, 1‘) - (10(7%(")’ y)” é Beksn .

b) There is exponentially fast local synchronisation of trajectories in discrete time with arbitrarily

high probability, i.e.

1 _ .
lim P (n In [|p(n, -, z) = p(n, -yl < Ae for ally € Ba, (2)|T(-,z) > n) >1-p.

Proof. Let 0 < p < 1 be fixed for the following. For z € E and n € N, let QF C {w € Q :

T(w,z) > n} be a set with P,(Q2|T > n) > 1 — p whose construction is given later in (5.3.4).

Furthermore we define for any z € £
Ug={yeR?: z+ycE}.
For fixed (w,z) € Q x E we define on U,

Zn((w7x)a y) = (P(nku y+ :L') - 90(717(*)73:) .

Note that in particular Z,((w,z),0) = 0 for all n. Define further

F(w,ac)(y) = Zl((W,ﬂf), y)

and write
Flom) = Fori(wm) © 0 Floa) -

w,x)

In addition we define
L(UJ, 33) = DF(w,x)(O) = D@(lawa .%')

and for all n > 1
Ly(w,x) = L(Op—1(w,x)).

Similarly to [81], let 0 < n = —\./2. Since the system is C' on a bounded domain, we have

G = sup HF(w,m)”Cl < 0.

(w,)

Let 6 > 0 be given. Choose 0 < 8 < 1 such that GBe" < §. Take further x > 1 such that k8 <1
and Gkfe < 4.
Recall that
OF c{weQ: T(w,z)> K}

and define

SK(B) ={y € Up : | FL ,y(y)]| < Be™™ forall 0 <n < K and w € QF}.
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For y € S¥(kf3) we define for all 1 <n < K

1
L (w, ) = /O DFo, ) (I (1) dt
Observe that this choice yields for 1 <n < K

L™ (w,2)y = Ly, (w, ) -+ Ly (w,2)y = F(;, ,y(y).-

(w,x

We deduce that for any y € S (xf)

sup sup || L) (w,z) — Ly(w,x)||e”™ < sup sup IDFy,, | (w,2) %6 exp <n(17 + ) — )\5)
weQK n<K weQk n<K

< Grpe < 6.
Claim: We can deduce from

sup sup || L), (w,z) — Ly(w,x)||e™ < 6
weQE n<K

that for all w € Q& y € SK(kB) and 1 <n < K
I (w, 2)yl| < Kee™<|ly]

uniformly over K, for some K. > 1.

Let us assume that the claim is true for the time being and define d; = d(x,90FE)/2. Choose
ay = min(dy, f/K:) < . From the claim we observe that uniformly over K for all y €
B, (0)NSK(kB)and 1 <n < K

HF(Z,I) Wl < Keen/\aaa; < 5€HAE

and therefore
Dg(ay) := Ba, (0) N SE(B) = Ba, (0) N SE(kB).

Since the boundaries of S*(3) and S¥ (k3) are disjoint, this implies that B, (0) = Dx (o) for
all K > 0 and the second statement in a) follows.

For any y,y’ € Dg(a,) and 1 <n < K we define similarly to before
1
Ly(@a)) = [ Do, ) (P50 + 0= DFLS0) dt.
Observe that for 1 <n < K

L™(w,2)(y —y) = Ly, (w,2) -+ Ly (w,2)(y — ) = Fig, 0y (y) — Foy 0y (¥) -
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Therefore we observe analogously to before that

sup sup |11 (w,2) — Ln(e, D)l|e™ < 5
weNK n<K

which using the claim gives that for all w € Q& y v/ € Dg(a,) and 1 <n < K
1FE ) (0) = FUL oy @) < K€ {ly — /|

Hence, the first statement in a) follows.

Now, we prove the claim above. To make the notation easier, we fix (w,z) and write L for
the Jacobian and L’ for the perturbation. Take [|(9)]| = 1, define the sequence £ as units
along L, and write

L= = (e

For our purposes it is enough to exercise through the one-dimensional case since the convergence
in (5.3.1) is assumed to be uniform over all v € S*~! in the d-dimensional scenario. We refer to
[81] for the full details of the multidimensional scenario which are not needed here.

If we write L'™u = u(™, we see that sup,, || L}, — Ly|le”™ < & implies

< t(”)

’um)

u<"*1>‘ . (5.3.2)

| 4 g

Since the finite-time Lyapunov exponents are bounded away from —oo according to the assump-
tions of the model, there is a C' > 0 independent from (w,x) such that for any N € N

— e Nn < (V)

If we fix v > 1 and set UW) = }u(”)| and for N > v
N N
U = ( 11 t(")> ( 11 (1+C§e””)> U,
n=v—+1 n=v—+1

we can observe with (5.3.2) that U(N) > ‘u ‘ for all N > v.
Now we set § = & [[°°,(1 — )% and

o [, (1+Coe™m)
N [, (1 —emn)

| /\

10_:[1—6_”’7 :%.

Note that 6 and C” do not depend on (w,z). It is easy to infer similarly to [81] that

‘um‘ §0/< ﬂ t(n)) ( ﬁ (1_6—nn)> ‘um

n=v+1 n=v+1

(5.3.3)
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and

o= (1 ) (11 amem) oo

n=v+1 n=v+1

We take v = 0 from here on. Observe that the finite Lyapunov exponents satisfy

1 N
AMN,w,z) = Nln}_[lt(”) .
Let e = A — A > 0. By assumption, there exists an N* > 0 such that for all N > N* we have
P <)\(N, L) <A —|—€/2'T(-,x) > N> >1—p.
Recall that 6, C, C’ do not depend on (w,x). Now define the measurable sets

o {weQ: T(w,z) >N, A\(N,w,z) < A+¢/2} if N>N*, (5.5.4)
" |weQ: Tw,z)> N} if N < N*. -

Hence, P, (Q2|T > n) > 1 — p for all n € N. We can conclude from (5.3.3) that there is C” > 0
such that for all z € E, N > N* and w € QY
1" N 1"

1
In || (w, )| < A 11 t(”):C——l—)\(N,w,x).

1
N NN N
n=v+1

N

From the assumptions we have that

*

s* = sup sup A N,w,z) < 0.
(w.a) NSN*

We define
" *
K. = max{e®" e 2N s},

Then we obtain the statement of the claim, i.e. for all N € N and w € QY
1L (w, )| < Kee.

Finally, we show statement b). We conclude from the second statement in a), and the fact that
8 <0, that for all n € N

. (IIw(m L x) = p(n, - y)l| < " forally € Bo, ()

T(-,z) > n>

>p (o

T(-, ) >n> >1—p.
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Hence, we actually obtain for all n € N

1 _
P ( In [l (n, 0, 2) — 9w, 9)]| < Ae for all y € B, (2)
n

T(-,a:) > n) >1-—p,

which implies the claim. O

We can immediately observe the following corollary about local synchronisation of random
dynamical systems induced by solutions of stochastic differential equations with absorption at

the boundary of a domain:

Corollary 5.3.2. Let the RDS with killing induced by the SDE (5.2.3) have a negative condi-
tioned asymptotic Lyapunov exponent X < 0. Then for all x € E, Ac € (A,0) and 0 < p < 1,

there is an oy > 0 such that

n—oo

1 _
lim P ( In|p(n, - x) —@n,,y)| <A forallye By, (x)
n

T(-, ) >n> >1—p.

Proof. This is an immediate consequence of Theorem 5.3.1 in combination with Theorem 5.2.8.
O

We would like to show a global synchronisation theorem as well. An obvious very weak
statement is expressed in the following proposition which is simply supposed to sketch a first

direction for this endeavour:

Proposition 5.3.3. Let the RDS with killing induced by the SDE (5.2.3) have a negative con-
ditioned average Lyapunov exponent \. Let x,y € I, a, be the radius of stability from Theo-
rem 5.3.1 for some 0 < p < 1 and let there be a time t > 0 such that

P (w, L) = plts )] < an|T() > t) - 0.

Then there is a sequence t, — oo such that for any e > 0

lim P <|g0(tn, ) — p(tn, - y)| <€

n—o0

T(,x) > tn> > 0.

Proof. This is a direct consequence of Corollary 5.3.2 in combination with the Markov property.
O

In the one-dimensional case one could hope for using monotonicity arguments to show a

stronger statement. This is left as future work.

5.4 Relation to pathwise random dynamics

This section is dedicated to finding further relations between Markov processes with absorp-

tion at the boundary and the induced random dynamical systems, in particular understanding
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the latter ones as skew product systems. It suggests itself to investigate the connection between
quasi-stationary and quasi-ergodic measures and suitable associated measures for the skew prod-
uct, similarly to the setting without killing as introduced in Chapter 1. Hereby, conditionally

invariant measures for dynamical systems with a hole turn out to be the he right concept.

5.4.1 Conditionally invariant measures on the skew product space

Let (X¢)¢t>0 be a Markov process on some topological space X, defined over a filtered probability
space (QF, F, (F;)i>0,P) and equipped with a family of maps 6; : QT — Q7 such that

0t+s = Ht 005 for all t,S 2 0

and
Xiin(w) = X¢(pw) forallt,h>0and we QF.

Note that the existence of (6;) is sometimes part of the definition of a Markov process (see e.g.
[85]) and that the o-algebra generated by 6; is independent from F; for all ¢ > 0. Let further 6,
be P-invariant for all £ > 0 and the process induce a random dynamical system with one-sided

skew product flow
O : 0T x X = Q" x X, 6w, z) = (Qw, (t,w,z)), forallt>0.

As before let E C X be some open subset such that (X¢):>o with transition probabilities (P)zck
satisfies the assumptions of this chapter if the process is absorbed at OF. Note that the described
setting is for example given in the situation of random dynamical systems induced by stochastic
differential equations as described in Section 5.1.2, defined on the one-sided canonical path space
with Wiener measure P projected to one-sided time and canonical one-sided shift (6;):>0.

We now consider the problem of killed diffusion from the perspective of dynamical systems
with holes. We can write £ = X = X \ H where H = X \ E is a closed set constituting a hole in
the space X. Define M =0t x X = QF x E as the product space with hole in only one factor
and
My= () (©)7IM, 6,=6,

0<s<t

&L (5.4.1)

i.e. the survival set and the flow restricted to the survival set. We further define for each w € QF

Et(w) = ﬂ 90(81(")7 ')_1Ea Sg(tvc‘)? ) = gp(t,w, )|Et )
0<s<t

i.e. the w-wise survival set and cocycle restricted to the survival set.

Definition 5.4.1 (Conditionally invariant measure). A measure p supported on M is called a
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conditionally invariant probability measure for (ét)tzg on QF x E if

u(6710)

- =pu(C) forallt>0and C € F x B(E).
(M)

See for example [29] or [34] for fundamental work on conditionally invariant probability
measures. First, we can show the following result similarly to Homburg and Zmarrou [50,

Lemma 5.2.].

Proposition 5.4.2. The measure P X v is a conditionally invariant probability measure for the
one-sided skew product flow (ét)tzo on QF x E iff the measure v is a quasi-stationary distribution
fOT (Xt)tZO on E.

Proof. The measure v being quasi-stationary means that for all Borel-sets B C E we have

I P( z) € B, T(-,z) > t)y(dx)‘

v(B) =P, (X, € B|T >t) = fE T > 1) v(da)

(5.4.2)

Let C C QF x E be measurable with respect to F x B(E). Hence, we may assume C' = A x B.

Let us first assume that v is a quasi-stationary distribution for the process. We observe that

(P xv) (é;lc) [z P (w tbw e A p(t,w,z) € B, T(w,z) > t) v(dzx)
(P xv)M, [Py (T > t) v(da) '

Recall that (¢(t,-,-))>0 is adapted to (Fi)i>0 and o(6;) is independent from F; for all t > 0
since 6; is the one-sided shift on Q1. Hence, we can infer with (5.4.2) that

(P xv) (é;lC;') JpPw : Ow e AP (w L otw, x) € B, T(w,z) > t) v(dz)
(P x )M, [gPe (T > t) v(dz)
=P, (X; € B|T >t)P(A) = v(B)P(A) = (P x v)(C). (5.4.3)

As one can see directly from (5.4.3), we can show the reverse direction analogously, i.e. assum-
ing P x v to be conditionally invariant immediately gives us (5.4.2) and therefore the quasi-

stationarity of v. O

Recall from the proof of Theorem 5.1.5 that for any bounded and measurable function f,
reFand 0<p<1

Jim B (707 > 1) = [ fla)m(da

This observation prompts the definition of the maps HY : Q" x X — QT x X by
H (w,x) = (b, p(pt,w,x)) forallwe QT x € X,

for all t > 0 and 0 < p < 1. This means that the shift on the probability space is considered
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for time ¢ > 0 whereas the mapping on the state space is only followed up to time 0 < pt < t.
Note that HY does not satisfy the flow property but the definition is supposed to illustrate the

distinction between quasi-stationarity and quasi-ergodicity. We give the following definition:

Definition 5.4.3. Let 0 < p < 1. A p-quasi-stationary distribution (QSD) for the process
(X¢)e>0 is a probability measure m on E such that for all ¢ > 0 and measurable sets B C E

Py, (Xp € BIT > t) = m(B). (5.4.4)

As before, set Hp
sition 5.4.2:

. We can prove the following proposition analogously to Propo-

Proposition 5.4.4. For any 0 < p < 1, the measure Pxm is a conditionally invariant probability
measure for the family of one-sided skew product maps (ﬁf)tzo iff the measure m is a p-quasi-

stationary distribution for (X¢)i>o0 on E.

Proof. Recall from Definition 5.4.4 that the measure m is a p-quasi-stationary probability dis-
tribution iff for all Borel-sets B C E we have

fE EBT( x) > t)m(dx)
fE (T > t)m(dx)

m(B) =Py, (Xp € B|T > t) = (5.4.5)

Let C C QT x E be measurable with respect to F x B(E). Hence, we may assume C' = A x B.

Let us first assume that m is a p-quasi-stationary distribution for the process. We observe that

(P x m) ((Iflf)*l(}'> B 5P (w D w € A, o(pt,w, x) € B, T(w, ) > t) m(dx)
(P x m)M, [5P. (T > t) m(dx) '

Recall that (o(pt,-,-))e>0 is adapted to (Fpt)i>0 and o () is independent from Fy; for all t > 0
since 6; is the one-sided shift on Q1 and p < 1. Hence, we can infer with (5.4.5) that

(P x m) ((i)t_lC) B JpP(w : fw e A)P (w L o(pt,w,z) € B, T(w,z) > t) m(dx)
(P xm)M, [oPo (T > t) m(dx)
=Py (Xpt € B|T > t) P(A) = m(B)P(A) = (P x m)(C). (5.4.6)

As one can see directly from (5.4.6), we can show the reverse direction analogously, i.e. assuming
P x m to be conditionally invariant for (ﬁf )t>0 immediately gives us (5.4.5) and therefore that

m is a p-quasi-stationary distribution for the process (X¢)¢>o. O

Making Proposition 5.4.4 useful for characterising a quasi-ergodic distribution m requires p-
quasi-stationarity of m for some 0 < p < 1. We conjecture the following even stronger statement
for which we have not found a proof yet. Such a proof should work similarly to [74, Proposition

1], using the same tricks as in the proof of Theorem 5.1.5.
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Conjecture 5.4.5. If m is a quasi-ergodic distribution for (Xi)i>0 on E, then it is also a
p-quasi-stationary distribution for any 0 <p < 1.

Therefore we obtain as a direct consequence of Proposition 5.4.4: if the measure m is a quasi-
ergodic distribution for (X¢)i>0 on E, the measure P x m is a conditionally invariant probability

measure for the family of one-sided skew product maps (I;Ttp)tzo for any 0 < p < 1.

We have discussed the correspondences between, on the one side, quasi-stationary and quasi-
ergodic distributions for the process and, on the other side, conditionally invariant measures for
the skew product systems, as long as we consider everything in one-sided time. Usually, as
introduced in Chapter 1, the metric dynamical system on the probability space, underlying the
random dynamical system, is considered in two-sided time. This is necessary if we want to

investigate random attractors, for example.

5.4.2 Two-sided time and relation to the survival process

We now consider the problem in two-sided time, i.e. we consider (Q, F, (F!)s<tcr,P) with the
maps (0;)ier such that 6, is P-invariant for all ¢ € R. A natural question to ask is whether in
this situation there is also a conditionally invariant probability measure for the skew product
flow corresponding with a quasi-stationary distribution v. In more detail, we would like to keep

P fixed as the marginal and find a conditionally invariant measure for (ét)tzo of the form
p(dw, dx) = py,(dz)P(dw) , (5.4.7)

where the f1,, are measurable with respect to F°__, i.e. the past of the system, and

/ o () P(dw) = ().,
Q

analogously to the case without killing of trajectories where these measures are called Markov
measures. From the previous section we know that if the p,, are demanded to be measurable
with respect to F3°, i.e. the future of the system, we get p, = v almost surely according to
Proposition 5.4.2.

Let us first assume the existence of such a conditionally invariant Markov measure. Then

we observe that the invariance of the sample measures requires an additional assumption.

Lemma 5.4.6. Assume that there exists a conditionally invariant Markov probability measure
on QO x E for ((i)t)tzo. Then for any t € RT, its disintegrations ., such that Ey(w) is non-empty

satisfy the relation

Lo ((,B(t,w, -)_1A)
fo (B (w))

if and only if for all t > 0 we have

= po,w(A)  for almost allw € Q and all A € B(E), (5.4.8)

po (Er(w)) = ,u(]\o4t) for almost all w € Q with Ey(w) # (. (5.4.9)
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Proof. Fix t > 0. We proceed similarly to [61, Proposition 1.3.27]. Take bounded and mea-
surable functions f : F — R and g : 2 — R and observe that by definition of the conditional
invariance

Jaxw flo(t,w,2)g(0:w) 1 o (w, 2)po(dz)P(dw)

| @9@e(dz)P(dw) = R ))]13,( )

Using the invariance of P with respect to 6; for the change of variables w — 6_;w, we can

therefore write

[ [ s@mmetan] s = [ [ swmotan] oo-wieia

Jo |Ji Flo(tw, )L g (w0, 2)p(da)] g(w)P(dw)
Jo 1o (Be(w) () |

Since this is true for any g, we conclude that for almost all w €

Ji £ (et w0, 2)) L g ) () ()
fQNw Ei(w))P(dw) /f x) g, (d) .

Hence, equation (5.4.8) is satisfied if and only if
to (Er(w)) = / o (Er(W")P(do’) = u(]\oft) for almost all w € Q with Ey(w) # 0,
Q

which is equivalent to Assumption (5.4.9). O

Two questions arise. First of all, one is inclined to ask how reasonable Assumption (5.4.9)
is. Secondly, one might want to investigate if v as given in (5.4.7) can now be shown to be a
quasi-stationary distribution for the associated Markov process. Both are theoretical questions
that should be investigated in the future.

Let us now assume that a quasi-stationary distribution v exists. The question is how to
construct the disintegrations p,, such that p is a conditionally invariant Markov probability

measure. The natural analogue to the case without absorption is given by

D= lim v (@t 0w, ) 71(+)
mol) = i =y

if the limit exists. However, due to our assumption of almost sure killing, the numerator and
denominator both become zero in finite time for almost all w such that this limit cannot exist
for any measurable subset of F.

One idea to overcome this problem would be to investigate if the QQ-process, i.e. the survival
process, corresponds to a particular random dynamical system that can be studied in infinite
time in the classical way. However, we explain why this does not seem feasible. Recall from
Section 5.1.1 that the Q-process or survival process (Y;):>o is the Markov process with state

space F, filtered probability space (€2, F, (F¢)i>0,P) and transition probabilities (Qy)zer such
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that for any s > 0
@z((YU)OSuSS €)= tlggopx((XU)OSuSS €T >t).

Further the Markov semigroup of operators Q; defined by Q;f(x) = E,(f(Y};)) on an appropriate
function space is m-invariant where m is the quasi-ergodic measure for the killed process. If
there was a random dynamical system (6, ¢) associated with this @-process, each w-trajectory
o(t,w,z) = Yi(w) starting from = € E would require a completely new interpretation since
the boundary is never hit. If, for example, the original process (X¢);>0 is a solution process to
a stochastic differential equation, the process (Y;):>0 cannot solve a corresponding stochastic
differential equation because there is no hitting of the boundary for the survival process. The
possible generation of a random dynamical system could come from a random differential equa-
tion with bounded noise that is solved by the process (Y;):>0. However, it is entirely opaque how
such an equation could be derived. A completely abstract generation of a random dynamical

system from the Q)-process seems even less attainable.
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